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Affine Stochastic Volterra Integral Equation (Convolutive kernel)

We are interested in the stochastic Volterra integral equation:
t t
Xe = Xoo(t) +/ K(t — s)(0(s) — \Xs)ds +/ K(t — s)o(s, Xo)dWs, Xo 1L W. 1)
0 0

where 0 : [0, T] — R is a bounded Borel function (hence having a well-defined finite Laplace transform on R.).
@ A>0,0:[0, T] x R— R Lipstchiz continuous function,¢ a deterministic continuous function.
o (Wt)¢>o is a standard Brownian motion, independent of Xp, both defined on a probability space (€, A, P).
o Let 7+ D Fi x,,w be a filtration satisfying the usual conditions.
o K is a convolutive kernel, i.e. a kernel K : {(s,t) € R2 : 0 < s < t} — Ry satisfying

Vs, t>0,s<t, K(st)=K(0,t—s) (2)

In this work, we are chiefly interested in the stochastic convolution Volterra integral equation of the form

Xe = Xod(t) + /Ot K(t — s)(0(s) — A\Xs)ds + /0t K(t — s)s(s)v/mo + miXe dWs,  Xo 1L W, 3)
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Summary of Main Tools

@ Resolvent of a Convolutive Kernel: The A-resolvent R), is defined as the unique solution — if it exists — to

YVt >0, Rx(t)+A /; K(t—s)Ri(s)ds =1 = Ry=Y (-1)FA (1% K*) (4)
. k>0

It is used as a generalisation of the classical application of Ité’s Lemma: to e X;.
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Summary of Main Tools

@ Resolvent of a Convolutive Kernel: The A-resolvent R), is defined as the unique solution — if it exists — to
"t
VE>0, Ry(t)+ A / Kt s)Ru(s)ds =1 = Ry = SO(=1)AK(1 5 K™%) 4)
Jo k>0
It is used as a generalisation of the classical application of Ité’s Lemma: to e X;.

a—1

Example (Focus on fractional kernels K(t) = Ka(t) = {5y 1r(t))

o Ko x Ky = K, implies t > 0,

tak
Ma(k+1))

)\k tak

Ra(t) = Z(*l)km

k>0

= Ea(—At%), Sothat f, x(t)=—R} ,(t)=At>"1) (—1)krk
k>0

o where E, denotes the standard Mittag-Leffler function
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Summary of Main Tools

@ Resolvent of a Convolutive Kernel: The A-resolvent R), is defined as the unique solution — if it exists — to
Ve >0, Ry(t)+ A / K(t—s)Ri(s)ds =1 = Ry=Y (-1)FA (1% K*) (4)
Jo k>0
It is used as a generalisation of the classical application of Ité’s Lemma: to e X;.

a—1

Example (Focus on fractional kernels K(t) = Ka(t) = {5y 1r(t))

o Ko x Ky = K, implies t > 0,

tak
Ma(k+1))

)\k tak

Ra(t) = Z(*l)km

k>0

= Ea(—At¥), Sothat f,\(t)=—R} \(t)=Xt*"1> (—1)kN\k
k>0

o where E, denotes the standard Mittag-Leffler function

@ Wiener-Hopf Equation: Let g : Ry — R be a Borel locally bounded function. Then, the Wiener-Hopf equation

vVt >0, x(t)fg(t)f,\./‘JK(tfs)x(s)(ls (5)

has a unique solution given by
t

vt >0, x(t)=g(t)+ /: Ri(t —s)g(s)ds = g(t) — /0 fi(t —s)g(s)ds where f, =—R} (6)
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Main Assumptions

Assumption ( We consider the following assumption satisfied by the inhomogeneous Volterra equation (1):)

(i) Assume that the kernels K, satisfy:
o The integrability assumption

—~ — t _
(RL™) 3R < 400, V5€ (0, T], A(8) = sup [/ K(t u)zdu] <750 @
te[0,T] (t—8)t+

is satisfied for some 8 € (0, 1].
o The continuity assumption

1
. 1
(Kg™) Ik < +00,;3 0 € (0,1] such that ¥ 5€ (0, T),n(5) := sup [/ |K((s+8)AT) — K(s)\2d5:| P ki (8)
tefo,7] LJo
(ii) Assume that the drift term b and the diffusion coefficient o are of linear growth, i.e. there is a constant Cp, , > 0 such
that
|b(t,x)| + |o(t,x)| < Cpo(1+ |x]), forallte[0,T]and x € R.

(iii) Assume that the function R 5 x — b(t, x) is Lipschitz continuous and R 5 x — o(t, x) is Hélder continuous in the
space variable uniformly in time of order y for some v € [%, 1]. Hence, there are constants Cp, C; > 0 such that

[u(t,x) — p(t,y)| < Colx —y| and |o(t,x)—o(t,y)| < Colx —y|” hold for all t € [0, T] and x,y € R.
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Scaled Volterra Equation: Main Assumption

o Standing assumption on the kernel K:

Assumption (A-resolvent Ry of the kernel for every A > 0:)

(i) Ry R* — differentiable lime_s 100 Rx(t) = a € [0,1], Rx(0) =1,
(i) fn € L2 (Ry,Leby), Where f\ =—R} fort >0,

(X) (i) ¢ € E]}h (Leby), a continuous function satisfying lim¢— oo ¢(t) =1 ©)
(iv) 0 is a C'-function such that ||0]|sup < 00 and lim— 4o 0(t) = p1oo € R,

Under these assumptions, fy is a 1-sum measure, i.e., fo+°° fr(s)ds =1 and lim¢ 100 fot fa(t — s)0(s)ds = poo

lim— oo (H(t) — (fr * P)r) = a.
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Scaled Volterra Equation: Main Assumption

o Standing assumption on the kernel K:

Assumption (A-resolvent Ry of the kernel for every A > 0:)

(i) Ry R* — differentiable lime_s 100 Rx(t) = a € [0,1], Rx(0) =1,

() (i) fr€ L,OC(R+, Leb;), Where f\ = —R} for t >0, 9)
(i) ¢ € Ly (Lebl) a continuous function satisfying lim¢— oo ¢(t) = 1

(iv) Oisa C1 function such that ||0]|sup < co and lim¢— 400 0(t) = poo € R,

Under these assumptions, fy is a 1-sum measure, i.e., f0+°° fr(s)ds =1 and lim¢ 100 fot fa(t — s)0(s)ds = poo
lime—s oo (#(t) — (fa x @)e) = a.

@ As a consequence of Wiener-Hopf and stochastic/ordinary Fubini’s theorems, equation (1) reads:

= Xa(6(0) = (h = 9)0) + 3 [ (=) ds+ 5 [ e =)ol x:) v (10)
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Scaled Volterra Equation: Main Assumption

o Standing assumption on the kernel K:

Assumption (A-resolvent Ry of the kernel for every A > 0:)
(i)  Rx R* — differentiable lime— 400 Rx(t) = a € [0,1], R (0) = 1,

K (i) fr€ L,OC(R+, Leb;), Where f\ = —R} for t >0, 9
(X) (i) ¢ € Ly (Lebl) a continuous function satisfying lim¢— oo ¢(t) = 1 ©)
(iv) Oisa C1 function such that ||0]|sup < co and lim¢— 400 0(t) = poo € R,

Under these assumptions, fy is a 1-sum measure, i.e., f0+°° fr(s)ds =1 and lim¢ 100 fot fa(t — s)0(s)ds = poo
lime—s oo (#(t) — (fa x @)e) = a.

@ As a consequence of Wiener-Hopf and stochastic/ordinary Fubini’s theorems, equation (1) reads:

= Xa(6(0) = (h = 9)0) + 3 [ (=) ds+ 5 [ e =)ol x:) v (10)

Looking for Stationarity !
o Either in the classical sense, where the distribution of the process is invariant under time shifts?

@ or in a weaker sense ?
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Simulation of 500 Trajectories of the Process X;scheme = 2
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Figure: Confluence from a [0,30]-Uniform Distribution if ¢ = ¢ . for some ¢ > 0 and V't > 0, cA2(1 — (p(t) = (Fr = d))t)z) = (ff * gz)(t)

On Stationarity of FSVIE Monday 13™" April, 2026



Figure: Histogram of Initial and Final Distributions, T = 95, H = 0.4, o = 0.0425, A\ = 0.2, vp = 0.015. Number of steps:

Comparison of Final Distributions X7 for two different Initial Distribution X,

Xo~T, Xo

--- Normal(u=021, 0=0.12)
Empirical

--- Normal(u=0.20, 0=0.12)
Empirical

0.08 0.16 0.24 0.32 0.40
Value

Xo~T, Xr (T=95)

-~ Normal(u=0.21, 0=0.12)
Empirical

-02 0.0 0.2
Value

Xo~ U, X7 (T=95)

-== Normal(u=0.21, 0=0.12)
Empirical

0.0
-0.15 0.00 0.15 0.30
Value

[Kolmogorov-smimov test at T = 95: statistic = 0.0470, p-value = 0.2194 ; x Cannot reject similarity of distributions at a=0.05 (p >= 0.05)|

Simulation size: M = 100000. Then Similarity test of Final Distributions
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Objectives

@ Long Run behaviour:

Existence of limiting distributions ?

Existence of associated stationary processes ?

Do they depend on the initial state or initial distribution Xy of the volterra process ?

Can we provide a complete characterization of all limiting distributions and explicitly derive the characteristic function of the
finite-dimensional distributions of all associated stationary processes ?

At least, Yes for Inhomogeneous Affine Volterra Equation. (since their (Fourier)-Laplace transform admits an exponential-affine
representation )

However, their dynamics are analytically intractable (remains an open question): Can we define an alternative dynamics of an SVIE
that exhibits some form of stationarity
(even in a weaker sense) = “Fake Stationarity Regimes"?
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Objectives

@ Long Run behaviour:

o Existence of limiting distributions ?

o Existence of associated stationary processes ?

o Do they depend on the initial state or initial distribution Xy of the volterra process ?

o Can we provide a complete characterization of all limiting distributions and explicitly derive the characteristic function of the
finite-dimensional distributions of all associated stationary processes ?
At least, Yes for Inhomogeneous Affine Volterra Equation. (since their (Fourier)-Laplace transform admits an exponential-affine
representation )

o However, their dynamics are analytically intractable (remains an open question): Can we define an alternative dynamics of an SVIE

that exhibits some form of stationarity
(even in a weaker sense) = “Fake Stationarity Regimes"?

@ Finite-time (Fake) Stationarity Regime of Inhomogeneous Affine Volterra Equation:
o Can we define in a weaker sense, a tractable stationarity regime for affine SVIE ? = Fake Stationarity Regimes a la Pages.
e Conditions under which we have a “Fake Stationarity regime” ?
o Applications to Stabilized Volterra Heston Model and its Characterization Function
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Forward Process

Lemma (Forward Process)
For all s, t € [0, T}, we call £+(s) := E[Xs | Ft] the Forward process of X. Assume that assumptions 2 and (K) are satisfied

and that X = (Xt)teo,1] is @ continuous weak solution of (1). (Xt)t>o is solution of equation (1) if and only if it is the
solution of . e -
Xe = Xo(4(t) — / fir(t — s)¢p(s)ds) + 5 / fr(t — s)0(s)ds + 5 / fir(t — s)o(s, Xs) dWs. (11)
0 0 0
Then &:(s) is an F: -martingale, and for all s, t € [0, T] such that t < s, we have
s t
E[Xs | Ft] = Xoo(s) + / K(s — r) (6(r) — XAE[X, | F¢]) dr + / K(s — r)o(r, X,)dW,. (12)
0 0
Equivalently,
E[Xs | Ft] = Xo(¢ / fx(s — r)o(r)dr) + — / fx(s —r)o(r)dr+ — / fa(s — r)o(r, X;) dW,. (13)

Moreover, the forward process £:(s) satisfies the stochastic differential equation:
1
dé:(s) = Xﬁ(s— t) o(t, Xe) AW, (14)

with initial condition (the expected process at future time s)

&o(s) = E[Xs] = E[Xo]( / fa(s — r)o(r) dr) + — / fa(s — r)o(r)dr. (15)
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Conditional Fourier-Laplace functional of stabilized affine Volterra processes (1)

More generally, We analyse the conditional Laplace functional for f € L([0, T]; R_):
T
E|:exp(/ F(T = $)X; ds) ‘}}], teo, Tl (16)
0

To state the main formula in a compact form, let us define and then consider for f € Ll(R,,R) , the following
time-inhomogeneous Riccati—Volterra equation:

t t
W(t) = / f(s)K(t — s)ds + / F(T —s,9(s)K(t —s)ds, F(s, 1) = =X + %qz(s)wz (t,%) € Ry x R. (17)
0 J0
where A € R, and ¢ : Ry — R is a given continuous function.
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Conditional Fourier-Laplace functional of stabilized affine Volterra processes (1)

More generally, We analyse the conditional Laplace functional for f € L1([0, T]; R_):

-
E|:exp(/ F(T = $)X; ds) ‘]—'t:|, teo, Tl (16)
0
To state the main formula in a compact form, let us define and then consider for f € Ll(R,,R) , the following
time-inhomogeneous Riccati—Volterra equation:
t t
P(t) = / f(s)K(t —s)ds + / F(T —s,¢(s))K(t —s)ds, F(s,¢p) ==Xy + %<’2(s)1/)2 (t,9) € Ry X R. (17)
Jo Jo

where A € R, and ¢ : Ry — R is a given continuous function.

Proposition (Existence for the time-inhomogeneous Riccati-Volterra equation)

For any function f € C([0, T|,R_) N L}, (Ry;R_), the Riccati-Volterra equation (17) admits a unique global solution
P =1p(-,f) € L2 (Ry;R_) N C([0, T],R_), i.e., 9(t) <0 for all t € [0, T]. Moreover, we have the following bounds,

O Ifp € [1,00] is such that K € L (Ry;R), then for each T >0, ||3(:, e o, ) < %HfH,_l([O’T]) 1Ex [l Lo (o, 77y -

@ Sobolev-Slobodeckij Regularity of 1): Assume that the kernel K € LfOC(RJr) satisfies the Sobolev-Slobodeckij-type
condition [K],, ,.7 < oo for some p > 2, n € (0,1), and T > 0. Then the unique solution 1 of (17) belongs to the
fractional Sobolev space W'P([0, T]), and satisfies the Sobolev-Slobodeckij a priori estimate:

1o Ollwnepgo, 7y < N1 C Olleeqo, 1y + CIKIn.p, 7 (HfHLl 0.7 T 16 Ol my + 140G f)”iz([g,r]))

where the constant C > 0 depends only on T, p, A, k1, and the norm of s in L>°([0, T]).
v
April, 2026
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Conditional Fourier-Laplace functional of stabilized affine Volterra processes

O For any function f € C([0, T],R_), the Riccati-Volterra equation (17) admits a unique global solution
Y € C([0, T],R_), i.e., ¥(s) <0 for all s € [0, T]. Furthermore, the following exponential-affine transform formula
holds for the (Fourier—)Laplace transform of Xt:

E [exp (/OT F(T = )X, ds) ‘J-}} — o (/UT F(T — s)ex(s) ds + % /tT 2(s)02(£x(s)) $(T — s)? ds> , (18)
where the process &:(s) is given by

&i(s) = &o(s) + % /Ot fia(s —r)o(r,X;)dW,, fort<s,

&) = Elo(s)] = [ s =B dr+ 5 [" (= o) ar.

@ The inhomogeneous affine Volterra process (3) satisfies the exponential-affine transformation formula for the
(Fourier-)Laplace transform:

E [exp (/OT F(T — s) X, ds>] - (/OT F(T — s)E[X.] ds + % /OT () oA(E[X]) ¥(T — 5)° ds)

T T
:exp< /0 F(T — 5)E[xo(s)] ds + /0 F(s, (T — 5)) Elxo(s)] ds (19)

+/0Te(s)w(rfs>ds+ %/Olz(s)wz(ps) ds
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Extension to measure convolutions

Lemma (Friesen and Jin)

We work with the subset M. C Ms of R_-valued set functions u € Ms negative on R .
For each pu € M, there exists a sequence (fn)p>1 C L}, (Ry;R_) such that:
() Mall 2o, 77y < 1I([0, TT) for all T > 0;
(ii) Foreach T >0, p>1, and g € LP([0, T];R) one has g xf, — g+ u in LP([0, T]);
(iii) For each T >0 and each g € C([0, T];R) with g(0) =0, limn_00 [y g(t — s)fa(s)ds = [y g(t — s) u(ds), V¥t € [0, T].

April, 2026
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Extension to measure convolutions

Lemma (Friesen and Jin)

We work with the subset M. C Ms of R_-valued set functions u € Ms negative on R .
For each 11 € M; there exists a sequence (fn),>1 C L}, _(Ry;R_) such that:

(i) Wfolliaqgo,ry < ([0, T) for all T > 0;

(ii) Foreach T >0, p>1, and g € LP([0, T];R) one has g xf, — g+ u in LP([0, T]);
(iii) For each T > 0 and each g € C([0, T];R) with g(0) =0, limp—o00 fot g(t — s)fa(s)ds = fot g(t — s) u(ds), vVt € [0, T].)

Assume K € L2 (Ry) satisfies the Sobolev-Slobodeckij-type condition [K]y,p,7 < 00 for some p > 2, € (0,1), T >0.

loc

(a) For each j1 € M; there exists a unique solution 1 = (-, ) € L2, (Ry;R_) satisfying

w(t):/OtK(t—s)p(ds)+AtK(t—s)F(T—s,w(s))ds, t>0, F(s,9)=—-\Y+ '€21 2( )wZ_ (20)

where A € R, and ¢ : Ry — R is a given continuous function.

(b) (LP-bounds): For each q € [1,p], [|%(-, )l La(o, 1) < %|u|([0, T1) l1fxlla(jo, 77)- Moreover, there exists C > 0
independent of p such that

(s ) llwmopqo, 1y < N9 (s ) llep(o, 71y + ClK]n .7 <Hf\|L1 (0.7 + 196 2o,y + Hﬂ’(n#)”iz([oﬂ)) 5
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Extension to measure convolutions

Remark (On Theorem 7)

Theorem 7 applied for T = oo still provides the desired integrability [ (Jb(t, )| + [¥(t, w)|?) dt < oo. but with

w(t,,u,):/ot K(t—s)u(ds)+/otK(t—s) Fo($(s ) d5, £20, Fls,0) = —2r + e(s)? (21)

where Fo is defined as follows:

Foo () :—>\1,/)+ a 2 ? and 2 =, lim <%(t) (22)

—+00

Proposition

Under the same assumptions as in Theorem 7 so that the Riccati—Volterra equation (20) admits a unique global solution
Y =, pu) € C([0, T],R_) for each T > 0, the following exponential-affine transform formula holds for the measure
Fourier—Laplace transform of Xt :

]E[exp </0TXT_5 ;L(ds))] = exp (/0 E[X7_s] p(ds) + = / (s) 2 (E[X:]) (T — s, ) ds) (23)

= exp (/OTIE[XO(T —s)] u(ds) + ‘/0~T F(s,9¥(T — s, u)) E[xo(s)] ds + /OT 0(s)Y(T — s, ) ds + % ‘/O‘T P(s)p (T — s, ) ds) . (24)

<&
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Existence of limiting distributions (1)

We also assume that the function ¢ is the solution of the equation:
(Exc): Yt2>0, X (1= (¢(t) = (fr*d)e)?) = (Fxs?)(t) where ¢ >0 and ¢=q.. (25)

so that, the corresponding time-inhomogeneous SVIE is refered to as a Stabilized ihomogeneous Volterra Equation

Proposition (Let the initial state be X € L%(P).)

Let X be the stabilized Volterra Equation given by (3) and let X\ > 0, pioo € R, where ¢ = <) ., assumed to be the unique
continuous solution to Equation (25) for some ¢ > 0 (so that (E) ) is satisfied). Then the following assertions hold:

(a) Suppose that the Riccati-Volterra equation (17) has a unique global solution 1) € C([0, T],C) for each T > 0. Then
¥ € LY(Ry;R_) N L2(R4; R_), and

t 2 o
tin;Q]E|:exp (/0 Xes u(ds)ﬂ = exp {(;&0 +(1- a)’%"> (R + %’002 (a;O +(1- a)”%) /0 w(s,u)zds] (26)

— e [sou®) + ([T et mas) e ([T v ) e+ B [T c(f])
27

where F~ is defined as follows:

2(1 _ 22
Foo () := =X + %ggowz and 2, = M (28)

- 2
Hf)‘”LZ(Lebl)
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Existence of limiting distributions (2)

Theorem (Limiting Distribution)

Let X be the stabilized Volterra Equation given by (3) and let X\ > 0, pioo € R, where ¢ = ) ., assumed to be the unique
continuous solution to Equation (25) for some ¢ > 0 (so that condition (Ej ) is satisfied). Let also Xo € L?(P) be the initial
state. Then the law of the random variable X; converges for t — co weakly to a limiting distribution ms,, whose
(Fourier)-Laplace transform is for u € R_ given by

/J]h exp (u x) 5, (dx)= exp {uf(o + (/OOO Foo(9(s, udp)) ds) Xo + (/Ooo (s, udp) ds) Moo + %ggo /OOO 2(s, udp) ds]
= exp {u (aio +(1-— a)%) + %02 <a>'<0 +(1- a)“%) /Ooo b2 (s, uéo)ds} .

where Foo is defined as follows:
cA?(1— a?)

Foo($) = =M + 2292 and & =
2 ”f)‘“LZ(Lebl)

(29)

Moreover, 7z, has finite first moment.
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Long run behavior: functional weak asymptotics (1)

Assumption (Integrability and Uniform Hdlder Continuity)

o Let A, ¢ > 0. Assume assumption (K) in (??) is in force and the kernel K is such that the derivative —fy of its
A-resolvent Ry,  satisfy 3k < +oo, Vd > 0,
1

"t ) 16 = N "+0o _ . _
max  sup / fi(t — u)|'du <757 forsome® € (0,1], 39 € (0,1]: ma [/ \fx(u+5)fﬁ(u)|’du] < 5.
=12 o7 | Je— sy = B

t—35) 1,2

o Assume (Ej ) in force with a stabilizer ¢x . and there exists n € (0, 1) such that [K], > 7 < co for each T > 0.
@ Moreover, for some § > 0, for any p >0 and T > 0, t — xo(t) = Xo¢p(t) is absolutely continuous,and satisfy

B sup_|xo(0)") < +oo, E[Ixo(t) —x0(0)1°] < Crp(1+E[ sup_[xo(8)?] )1t — £l
te[0,T] te[0,T]
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Long run behavior: functional weak asymptotics (1)

Assumption (Integrability and Uniform Hdlder Continuity)

o Let A, ¢ > 0. Assume assumption (K) in (??) is in force and the kernel K is such that the derivative —fy of its
A-resolvent Ry,  satisfy 3k < +oo, Vd > 0,

i

't ) L = . "+0o _ . _
max  sup |:/ \fk(tfu)|'du:| <57 forsome® € (0,1], EﬂE(O,I]:mfz[/ \f>\(u+5)7ﬁ(u)\’du] < 5.
( + 1=, 0

=120, 7] t—35)
o Assume (Ej ) in force with a stabilizer ¢x . and there exists n € (0, 1) such that [K], > 7 < oo for each T > 0.

@ Moreover, for some § > 0, for any p >0 and T > 0, t — xo(t) = Xo¢p(t) is absolutely continuous,and satisfy

B sup_[x(6)?) < +o0, E[Ixo(t) = xe(t)°] < Crp(1+E[ sup_ |xo()"])It — tI°P.
te[0,T] te[0,T]

Theorem (Long run theorem-a: functional weak asymptotics (1))

Let X be the stabilized Volterra Equation given by (3) and A > 0, oo € R. Then the following assertions hold:
(a) The family of shifted processes (Xt+u)u>0 is C-tight and uniformly square integrable for p > 2 as t — +oco.
There exists a stationary process X°° with a (6 AD A 62—;31 - % — n) -Hélder pathwise continuous sample paths for

sufficiently small n > 0 such that

(Xexu)es0 = (X7)e>0 weakly in C(Ry;R) as u — oco.
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Long run behavior: Stationary Process (2)

Theorem (Long run theorem b-c: Stationary Process. Here and set Xy := E(Xp))

(b) Its first moment and its autocovariance function Cov(Xg°, X5°) := Cy, (t1, t2), for t1,t» > 0, t1 < to, are given by

(i = &%)

+ S
lI£x112

E[X ] = a% + (1 — a)#TOO, cov(XS®, X5%) = a*Var(Xo)
L2(Leby)

2 ( - Moo TED
5 o" (3% +(1-a)—= / it — o1 + u)fy (u)du.
0

(c) The finite dimensional distributions of X°° are determined by (n €N, u1,...,up ER_ and 0 < t; < --- < tp):

]E[exp (iu,x;j")} = exp |:2": u; (a)?o+(1 73)%> + %02 <a)?0+(1 73)%> /0OO w(s)st} o

i=1 i=1

where ¥(-) = (-, pty,...,t,) denotes the unique solution of (21) in Ry with ... t,(ds) = ZJ'-’ZI Uj 8 ¢,—1;(ds)
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Long run behavior: Stationary Process (2)

Theorem (Long run theorem b-c: Stationary Process. Here and set Xy := E(Xp))

b) Its first moment and its autocovariance function Cov(X°, Xg?) := Cy, (t1, t2), for t1,t2 > 0, t1 < tp, are given by
t A

) 1—g o +o00
E[X ] = a% + (1 — a)# , cov(XoT, X)) = a*Var(Xo) + MGZ (a)'(o +(1- a)u—> / fa(t2 — t1 + u)fy(u)du.
A 2 % 15 P x ) o
(c) The finite dimensional distributions of X°° are determined by (n €N, uy,...,up €R_ and 0 < t; < --- < ty) :

]E[exp(iu;Xf)} = exp |:,2":ui <axo+(1fa) s >+%02 <aXO+(1ia Hoo)/ (s }

i=1 i=1

where ¥(-) = (-, pty,...,t,) denotes the unique solution of (21) in Ry with ... t,(ds) = ZJ'-’ZI uj 5tn,tj(ds)

Corollary (Let the initial state be Xo € L2(P).)

Let X be the stabilized Volterra Equation given by (3) and let A > 0, poo € R. Then the following are equivalent:

(i) The stationary process X°° is independent of Xp;

(if) The limiting distribution Tz, is independent of Xo;
(iii) The function Xp — fR xT%,(dx) is constant;
(iv) a:=lim¢t— 400 Rx(t) = 0. In particular, final dist. in the fake stationary regime does not depend on the initial dist.
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Applications: Long-Run Behaviour of the Stabilized Volterra-CIR Process with a Gamma Kernel

Xe = Xoo(t) + /Ot K(t — 5)(8(s) — AXe)ds + u/ot K(t — s)or.c(s)v/XedWs, Xo AL W (30)

K(t) = Ka,p(t) = e_"”r(;; Ip(t), @ € (3,3). X\, 0,b, X0 >0, B ER, (Ws);>0 is a 1-D BM and < ¢ solution of (Ex.c) f = fa,p,x -

Theorem (Let X be a weak solution of the stabilized SVIE given by (30). We have the following claims:)

@ X: converges weakly to some limiting distribution Tz, when t — oo, and that its characteristic function is given by the
expression in Theorem 9 and 1) being determined from the ricatti-volterra equation (21) with p(ds) = udo(ds),.

@ Moreover, the process (Xt+u):>0 converges in law to a continuous stationary process (X°):>q when u — co. Moreover,
the finite dimensional distributions of X°° have the characteristic function

n 2 [e%
p X0 + Moo cA A(2p% + )
E | exp E u X = exp E u; + —V / ¥(s)’ds | |, = .
{ ( i=1 i >] Pt A " ”f“*P’*“iZ(Lebl) (b +2)°

where 0 < t; < --- < tp, U1,...,un € R_, and ¢ is the unique solution of

WO = D Liapmg) Koot = (= )+ [ Ko (= 3) ( A(s) + 2 2 (s) )

j=1

Moreover, the first moment and the autocovariance function of the stationary process satisfy for ti,tp > 0, t; < t»

oz 2c 2 e @z

o Var(X, A2 (2 A 00) — ot _

JE[X;"’]:M Cov(X=, X5°) = p~* Var( Z) cAve(2p +3 )P %o + pioc) ey rl)/ 2P (1 — 11 + u)fa (1) ik
P+ A (p> + ) (o™ + X2 Mx 21,0, R,

v
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Morally speaking

We have provided
@ a complete characterization of all limiting distributions

@ each one gives rise to a stationary process for which, we explicitly derive the characteristic function of their
finite-dimensional distributions.

However, we do not provide information on the dynamics of the limiting processes as well as the uniqueness and the
characterization of the dynamics of the corresponding stationary processes.

o It is for this reason that we develop the notion of fake stationarity regimes, which offer a tractable alternative framework
to study short and long-term behaviors in settings where classical stationarity is either unavailable or analytically
intractable.
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Fake Stationarity of Time-Inhomogeneous Affine Volterra Process: Finite-time.

Definition (Fake Stationary Regime of type | and Il )
Let (X¢):>0 be a solution to the scaled Volterra equation in its form (1) starting from any Xo € L2(P). Let
o(t,x) = s(t)o(x) in equation (1), where o(x) = /Ko + K1X.
© The process (Xt):>o exhibit a fake stationary regime of type | if it has constant mean “%, variance vp, and
52 = E[0?(X0)] = E[0?(X¢)] i.e.:

Vt>0, E[X]=c"= ‘%" Var(X;) =™ =vw >0 and &°(t) == E[o>(X;)] = & := 55 > 0.

@ The process (Xt);>0 exhibit a fake stationary regime of type Il if (Xt);>o has the same marginal distribution, i.e.,
Xt g Xp for every t > 0.

(31)
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Fake Stationarity of Time-Inhomogeneous Affine Volterra Process: Finite-time.

Definition (Fake Stationary Regime of type | and Il )
Let (X¢):>0 be a solution to the scaled Volterra equation in its form (1) starting from any Xo € L2(P). Let
o(t,x) = s(t)o(x) in equation (1), where o(x) = /Ko + K1X.
@ The process (Xt);>0 exhibit a fake stationary regime of type | if it has constant mean “%, variance vp, and
= E[0?(X0)] = E[0?(X¢)] i.e.:

Vt>0, E[X]=c"= ‘%" Var(X;) =™ =vw >0 and &°(t) == E[o>(X;)] = & := 55 > 0. (31)
@ The process (Xt);>0 exhibit a fake stationary regime of type Il if (Xt);>o has the same marginal distribution, i.e.,
Xt g Xp for every t > 0. )

Theorem (Time-Dependent Volatility o. Let o(t, x) = ¢(t)o(x) in equation (11))

Assume that X € L?(P) with E[Xg] = £2=. Then, a necessary condition for the relations 31 to be satisfied is that:

A

& 0(s) s
Vit >0, ¢(t):1—>\/ K(t—s)(— 1) ds, so that X; = Xo — (X0 )/f( 7/ (t — s)(s)o (Xs)dWe.
0 Koo A 0
and the triplet (vo,53,5(t)), where vo = Var(Xg) and 53 = E[0?(Xg)], must satisfy the following master equation
(Exc): Vt>0, c)\2(1 — (&(t) — (fx = ¢>)t)2) = (f2+¢°)(t) where c= ‘_/—g and thus ¢ =gy .
G

April, 2026

(32)

(33)
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Fake Stationarity of Time-Inhomogeneous Affine Volterra Process: Finite-time.

According to assumption 2 (iii) and the concavity of x — x7 for all v € [0,1], 3 [¢]% > O
E [lo(Xs) = o(X)IP] < [oTReE [1Xs — X{P%]7 (34)

Proposition (y-Holder L2-Contraction)

Assume assumption (2) (ii) so that equation (34) holds. Assume f\ € L2(Ry, Leby), o(t,x) := (t)o(x) where ¢ =) . is a
non-negative, continuous and bounded solution to (33) for some fixed X\,c > 0 (i.e. Ex ¢ is in force). Let p > 2, for
Xo, X5 € LP(IP), we consider the solutions to Volterra equation (1)(or equivalently (11)) denoted (Xt)¢>0 and (X{)¢>o0

starting from Xo and X respectively. For p = 2. c€ (07 ﬁ%—lol) set p := c[a]?_,dl. Then, one has:
(a) There exists a continuous non-negative function p"? =: oo, - RT — [0, 1], such that poo(0) = 1,

. _ Ay \ i
H?%T < HiMess 400 Poo(t) < <M) , only depending on X, c, ¢, and the kernel K, such that :

2)>

wzo,&z(

Xe — X{

)2 < poo(t) (1 VE (’xo - X,

1
In particular, if a =0, then limi— oo poo(t) = pI-7.
(b) This result can be written using the 2-Wasserstein distance between X and X':
vt 2 0, Wa(IX(], X)) < oo ()72 (1 v WR(IXS], X))

(c) ((Locally) Lipschitz L?-Confluence): In the case a =0,
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Fake stationary regimes | and Il of Time-Inhomogeneous Affine Volterra Process: Finite-tim

Let’s consider a squared affine diffusion coefficient given by: o(x) = \/ko + k1 (x — b), k; >0, i = 0,1, ko > K1 b. (35)

Proposition (Fake stationary regimes (types | and 1) and asymptotics:

Consider a stabilized Volterra Equation with the diffusion coefficient o given by (35) and let X\ > 0, poo € R, where ¢ = ¢ ,
assumed to be the unique continuous solution to Equation (Ex ) in (33) for some ¢ > 0 Then, let Xo € L?(P) with

2P
E[X] = £52, and Var(Xp) = vo = <A

@ Case k1 = 0 i.e. o(x) is constant. (Volterra Ornstein-Uhlenbeck process) Here, the solution (Xt):>o has a fake

stationary regime of type | with mean ”% and variance vy.

1—ckp

o This represents a fake stationary regime of type Il if Xo ~ v* := N (£§, v), so that X; 4 x, vt > 0.
@ If kg =0 and b =0 (Volterra square-root process.) , then o(x) = vv/x, where v = \/K1:
The resulting Volterra equation has a fake stationary regime of type I, i.e.
vE2 0, EDX) =2, var(x) = w = co?(52) = em B2, ElP(X)] = 55 = oF(52) = m B2
© Case where o is not constant and not degenerated (i.e. with o(%3) # 0). The solution (Xt);>o0 to (11) has a fake
stationary regime of type I, i.e., for all t > 0,
02( Eoo

u cr?(H52) 2 = b
VE2 0, EDX]= A2, Var(Xe) = w = A and E[o?(X)] = 5 = ),

Moreover,

April, 2026
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Long run behavior in the (Fake) Stationarity Regime: functional weak asymptotics

Theorem (Functional weak long-run behaviour.)

Under the same conditions as in Theorem 12, if the solution (Xt)¢>o of the volterra equation (3) has a fake stationary

regime of type |, starting from a random variable Xy with mean "% and variance vg. Then,
(b) The identities (26) and (27) become:

tirr;Q]E{eXP (/OtXH M(d5)>:| =exp [“%M(RH + %02 (%) /oo w(5)2d5]
o[22+ ([T Ftenae) L2k ([T v as) um + 2 [T 00 a

(b) The family of shifted processes X¢i.,t > 0, is C-tight as t — +oo and its (functional) limiting distributions are all

L2-stationary processes with mean lim;— oo E[X¢] := E[X£°] = “% and covariance function Coo given by:

— 2 oo
Vti,to >0 with t <t Coo(tl,tQ)ZQZV[)JrMO'Z (Mﬁ> / f,\(t27t1+u)fk(u)du. (38)
HfAHLz Leby A 0
(c) The finite dimensional distributions of X°° are determined by (n € N, ul,...,un ER_and0< t) < --- < tg) :
— . . 'LLOO S ILLOO =
o ()] [ ()5 ) o]
where Y(-) = (-, pty,...,t,) denotes the unique solution of (21) in Ry with py, ... t,(ds) = zj'-’:l uj Jtn,tj(ds)

(36)

(37)
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Applications: Computing the Stabilizer ¢, ) . for the a-fractional kernels K, (t) = r( )lp(

For the numerical illustration, we consider a-fractional kernels with o € (%, 1) (corresponding to "rough models”) and
a € (1, %) (corresponding to "long memory models”), within the setting where

¢(t) =¢(0) =1 forall t >0 almost surely.
In this case, the equation simplifies in the so-called fake stationarity regime (i.e., (t) = 6y and o(x) = v/x) as follows:

)
A

Xe= 2 4 (x - %)R)\(t) T ; /Ot foa(t = $)s(s)o(Xs)dWs. (39)

Regular Variation ( Tauberian theorem) on Laplace transforms of the Master Equation suggests to search ¢2(t) as an

expansion of the form (Exponential Power Series Ansatz): Set a, = r(a/1<+1) , b = r(a(/1<+1))’ k > 0.
1 1
“ﬁ,A,c(t) = c/\275§§()\3 t) where gu : o Z( 1) Ktk (40)
k>0
with )
r 0
= LM, and for every k > 1, ¢y is defined inductively by:

FN2a—1r2—a) poo

M(«)?B(a(k +1), 2(1 — a))

T TTRA—a)M(2a—1)

k
(axb)k —a(k+1)Y B(a(l+2) =1, a(k —£—1) +2) (") e |-
=1
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A Numerical illustration: (Fake) Stationary regime, a-fractional kernels K, (t) =

Proposition (Existence and Properties of the function ¢2 , _ for o € (3,2))

The convergence radius of the fractional power series (40) that defines (q xc is infinite and {, x ¢ is positive on (0, +oc] so
that (., x,c is well-defined: The stabilizer ¢z exists as an non-negative function, such that:

a,\,c
. . 0ifa<l, Ve
Q lim; o Ca,A,c = { +oo ifa > 1, and  lim¢— 1o Ca,)\,c(t) m~
We introduce an Euler-Maruyama scheme (41) on the time grid t;, = ty = %, k =0,...,n, for the semi-integrated
form (39), which write recursively:
_ 0o o ki1 _ 1
th +(Xo—— R)\ l’k +ZX/ tk—S)C(l’g) (thil)dwszg(tk + = Zc ty O'(th 1)/"/ (41)
=1 tr—1 =1

In,l _ [ty

where the integrals ( § b1 i(tk — s)dWs>k can be simulated on the discrete grid (t)o<k<n by generating an

independent sequence of gaussian vectors G™/,/ = 1--.n using the Cholesky decomposition of a well-defined covariance
matrix C.
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A Numerical illustration: Confluence

Simulation of 500 Trajectories of the Process K.scheme = 2

Figure: Graph of the stabilizer t — ¢4z c(t) over time interval [0, T ], .
T = 100 for a value of the Hurst esponent H = 0.4, A = 0.2, c = 0.3. o w w

Time

Figure: Confluence or Contraction from a [0,30]-Uniform Distribution.

Simulation of 500 Trajectories of the Process ;scheme = 2

\\ 10
Figure: Graph of the stabilizer t — ¢4z c(t) over time interval [0, T ], o)
T = 50 for a value of the Hurst esponent H = 0.8, A = 0.2, ¢ = 0.36. o B 0o ow a0 »
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A Numerical illustration: Fractional-CIR Process in the (Fake) Stationary regime with o € (3, 3)

Curves Var(Xy) and E[0?(X¢)] as function of time,a(x) = VX, H=0.8, c= 0.009, 1.5e+05 Samples, scheme = 2, Xp=normal

033

Std JVar(e, M)

Figure: Graph of tx +— StdDev(ty, M) and t, — ]E[a'Z(th, M)] over the time interval [0, T], T =1, H=0.8, 6y = 2,

sample std yVar(X).
— sofx,
== Benchmark std(Xo) = 0.3

1003

1002

1001

Expectation of 0%(X,)

]
=== Benchmark Elo%0Xo)}= 10.0

04 0s
Time Steps t,

04 06
Time Steps t

and StdDev(Xp) = 0.3, v = 1. Number of steps: n = 800, Simulation size: M = 150000.

Std JVar(e, )

Curves Var(X;) and £[02(X;)] as function of time,o(x) = VX, H=0.1, c= 0.009, 1.5e+05 Samples, scheme = 2

sample std yVar(X).
— sofx,
== Benchmark std(Xo) = 0.3

1003

1002

1001

102000

Expectation of 0%(X,)

]
=== Benchmark E[o%0Xo)1= 100

04 0s
Time Steps t,

1000

099

998

04 06
Time Steps t;

A =0.2, v = 0.09,

Figure: Graph of tx — StdDev(tx, M) and t;, — ]E[a'Z(th, M)] over the time interval [0, T], T =1, H=10.1, 6p =2, A = 0.2, vy = 0.09,
0 . .

N
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The Stabilized Volterra Heston model and its characteristic functions.

In this setting, we define the process X = (log S, V'), where S denotes the asset price and V its variance process, governed by

ds
?f = VVe (V1= p2dW + paw?), Sy €(0,00), (42)
t
and .
Ve=Voo(0) + [ Kalt=9) ((06) = AVa)ds +us(s)V Ve awd) s =uc, (43)
0
With

oo

t
vez 0 o) =1-a [ Kale-9) (N o1) a1 000 - (far 1 0)0) = (R2ax 220 (40
0
where the kernel K, lies in L2 (Ry,R), W = (W, Ws) is a two-dimensional standard Brownian motion with correlation
p € [-1,1], and the 6 a deterministic function, A, v € Ry such that V is at least a weak solution to the Volterra equation
(3). More precisely, (43) can be rewritten:

o 't O(s 1 t v
\/[ = \/07 (\/07 NT) / ﬁ\AA(tfs)g( )dsvx / f‘(\.)\(tfs)gt\./\f(s)\/VdeS: /\-“r\./\AC(t)‘>O'
Jo J0

Moo

Once V is determined, the asset price process S follows accordingly. Moreover by applying Itd's formula, one can verify that
for every t € [0, T], the log-price process satisfies

t t V.
log(St) = log(So) +/ AA (\/ 1-— p2dW5(1) + de5(2)) — / —ds. (45)
0 0

2
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The Stabilized Volterra Heston model and its characteristic functions.

Hence, the process X = (log S, V) constitutes an affine Volterra process which evolves according to the system

(log\(/tSt)) _ (I‘c;ogéfg))) n /Ot ((1) Ka(to_ u)) Ka(ou)) + (8> log(Su) + (:%\) Vu} du

+/Ot ([1) Ka(to— u)) (\/10—792 p )> VVidW,, te[0,T], <=ocrc.

vs(u

We thus obtain that for the stabilized Volterra-Heston model the Riccati-Volterra equation (20) where we take
p(ds) = uédo(ds) + f(s)A1(ds)!, in dimension 2, for any u € (C2)* and f € L' ([0, T], (C2)*) takes the form:

P1(t) = ur + /Ot fi(s)ds,
a(t) = ko)) + [ Kae =) () + ((6) v (s)

I/2
+ (prs(T = )a(s) = A vals) + 5-<*(T = s)¢§(s))ds, te[0,T], s =crc

1)1 denotes the Lebesgue measure on (R, Bor(R))

(46)

(47)
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The Stabilized Volterra Heston model and its characteristic functions.

Proposition

Suppose that K, satisfies condition (2)(i). Consider a stabilized Volterra Equation with X\ > 0, picc € R, where ¢ = ¢y c,
assumed to be the unique continuous solution to Equation (33) for some ¢ > 0 (so that condition (Ej ) is satisfied).

@ The stochastic Volterra system (42)—(43) admits a [0, +o00)—valued continuous weak solution (log S, V') with values in
R x R4, for any initial state (log So, Vo) € R X Ry. Moreover, the sample paths of V are <6 ADAD— % — 77> -Hélder
pathwise continuous (up to P-indistinguability) for sufficiently small n > 0.

Let u € (C?)* and f € L} (R4, (C?)*) such that

Revn €[0,1], Reur <0, and Refh < 0.

where 1)1 solves the first relation in (47). Then the second equation of the Riccati—Volterra equation (47) admits a
unique global solution v € L2, (Ry,C*) with Rev» < 0. Furthermore, the exponential-affine representation (24) is
valid with the measure ji(ds) = udo(ds) + f(s)A1(ds), in dimension 2 i.e. u € (C2)* and f € L! ([0, T],(C2)*).

© The process S solution of equation 42 is a true martingale and can be written:

t t
Si = Spexp (f/ %ds +/ Ve (\/1 — p2dwlV +de§2)>) , telo,T]. (48)
0 0
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The characteristic function of the Stabilized Rough Heston Model.

Corollary (Stabilized Rough Heston model (Here set E(V;) := Vg ).)

Let a € (%, 1), and consider the a.— fractional integration kernel Ko (t) = % for t € (0, T]. Suppose u € (C?)* and
f e L1 ([0, T],(C?)*) satisfy the conditions Rip1 € [0,1], Rup <0, and Rfy < 0, where 1 = uy + [; fi(s) ds. Then there
exists a unique function 1, € L%([0, T],C) solving the fractional Riccati equation

t t 2
(D)) = fz(t)+% (u% u1+2u1/0 fi(s) ds + (/O fi(s) ds) )

G V2 (49)
+ (oos(T = 0) (ot [ iGs)d) = 2) wale) + 63T = ) U3,
te0, T, <= (I~ %42)(0) = w2
leading to the full Fourier—Laplace representation for the integrated log-price and variance:
E [exp (u1 log(St) + w2V + /OT (T — u)log(S,) du + /OT (T — u)Vy du)]
(50)

= oo (1) + ([ )85 tog(s0) + (o) + [ (T = 5)6(s) s+ x(T)) Vo) -

with x(£) = J§ ¢(t = 5) (3W3(5) —¥1(5)) + (pri(t — s)a(s) = N vals) + 5<2(¢ = s)u3(s))ds, te[0,T], and o
defined as p(t) = [if 0(s)a(t — s) ds, ©(0) = 0.

0
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The characteristic function of the Stabilized Rough Heston Model.

Corollary (Stabilized Rough Heston model (Here set E(Vp) := V4 ).)

In the particular case where ¢ =1 (so that 6(t) = 6y = poo YVt > 0)?, the above Fourier—Laplace representation simplifies to:

E {exp <u1 log(ST) + w2 VT + /OT A(T — u) log(Sy) du + /OT (T — u)Vy du)} 1
= op (o) + (-t [ o) as) og(0) + (P 0a)(T)Va).

with D% = %ll_a where D% and I'—% denote, respectively, the Riemann—Liouville fractional derivative of order o, and the
Riemann—Liouville fractional integral of order 1 — .

?In which case (t) = 6p = poo for all t > 0, as a necessary and sufficient condition for the process to have a constant mean

Practitioner corner: The characteristic function of the stabilized rough Heston model can be computed by solving
(inhomogeneous) Riccati equations, using an adaptation of the fast hybrid schemes proposed by Callegaro, Grasselli et Pages.
Plugging their numerical solution into (51) yields the characteristic function, from which standard Fourier methods allow the
pricing of call and put options (Carr Madan, Lewis, etc.).
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