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Abstract quasi-orthogonal parameters. This functional form,

The volatility fitting is one of the core
problems in the equity derivatives business.
Through a set of deterministic rules, the
degrees of freedom in the implied volatility
surface encoding (parametrization, density,
diffusion) are defined. Whilst very effective,
this approach widespread in the industry is
not natively tailored to learn from shifts in
market regimes and discover unsuspected
optimal behaviors. In this paper, we change
the elassical paradigm and apply the lat-
est advaneces in Deep Reinforcement Learn-
ing(DRL) to solve the fitting problem. In
particular, we show that variants of Deep
Deterministic Policy Gradient (DDPG) and
Soft Actor Critic (SAC) ean achieve at least
as-good as standard fitting algorithms. Fur-
thermore, we explain why the reinforcement
learning framework is appropriate to handle
complex objective functions and is natively
adapted for online learning,.

Keywords: Volatility Fitting, Continuous Action
Spaces, Stochastic and Continuous Control, Sequential
Decision Making and Deep Reinforcement Learning.

1 INTRODUCTION

The implied wvolatility, which is one of the most
important risk factors in the equity business, is usually
encoded in a funetional form with a limited set of
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often referred to as volatility parametrization, allows
users to describe the dynamic properties (movements
and deformations) of the implied volatility surface in
an easy way and helps in generating predictive signals
for pricing and risk management of equity derivatives.

The process through which the coefficients of the
volatility parametrization are determined is called
calibration and is often performed automatically |I|
by an algorithm tailored to optimize pre-determined
objective functions. For instance, most algorithms aim
at matching the mid implied volatility at all expiries
where there is a visible market under non-arbitrage
constraints. The fitting algorithms used in the industry
often account for large sets of conditions such as
liquidity, presence of outlier quotes or even earnings
and macro events however all those algorithms have
native rigidity in them as they follow preset rules for
every market eonditions. By design, the " deterministic
algorithms” eannot find optimal solutions outside
of their definition scope and cannot re-use past
accumulated experiences as every output is flashed
ont.

In this paper, we look at the fitting problem from
the angle of Reinforecement Learning (RL). In this
new paradigm, we assimilate the fitting-algorithms to
agents evolving in a stochastic environment where: (a)
states are the collection of observable market quotes
and anterior volatility surfaces E| (b) actions are the
bumps to apply in order to shift the prior volatility

'1t can also be performed on a less regular basis depending
on the liquidity of the asset.
2States can also account for spot and for forward movements.
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ABSTRACT

The mathematical approach to many financial decision-making problems has traditionally
been through modelling (then relying to model assumptions) with stochastic processes and
using techniques from stochastic control with a choice of models mainly dictated by the need
to balance tractability with applicability. The rapid changes in the finance industry due to
the increasing amount of data have revolutionized the techniques on data processing and data
analysis and brought new theoretical and computational challenges. New developments from Al
and Machine Learning are able to make full use of the large amount of financial data with fewer
model assumptions and to improve decisions in complex financial environments. There have
been many applications of these Machine Learning algorithms in a variety of decision-making
problems in finance, including optimal execution, portfolio optimization, option pricing and
hedging, market making, smart order routing, and robo-advising. This research delves into
an in-depth exploration of the application of the particular case of Reinforcement Learning
algorithms to some core problems of the Equity Derivatives business amongst others, the
volatility fitting and the hedging of derivatives.
The volatility fitting is one of the core problems in the equity derivatives business. Through
a set of deterministic rules, the degrees of freedom in the implied volatility surface encoding
(parametrization, density, diffusion) are defined. Whilst very effective, this approach widespread
in the industry is not natively tailored to learn from shifts in market regimes and discover
unsuspected optimal behaviors. In this work, we change the classical paradigm and leverage
the latest advances in Deep Reinforcement Learning(DRL) to solve the fitting problem. In
particular, we show that variants of Deep Deterministic Policy Gradient (DDPG) and Soft
Actor Critic (SAC) can achieve at least as-good as standard fitting algorithms. Furthermore, we
explain why the reinforcement learning framework is appropriate to handle complex objective
functions and is natively adapted for online learning.

Keywords: Volatility Fitting, Continuous Action Spaces, Stochastic and Continuous Control,
Sequential Decision Making and Deep Reinforcement Learning.
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Chapter 1

Deep Reinforcement Learning

1.1 Introduction

Deep Reinforcement Learning (DRL) algorithm based on using Neurals Networks with the idea to
train an agent to learn by interacting with an uncertain environment have showcased oustanding
results on complex decisions making and control tasks. The recent availaibility of increasing
amounts of data in the complex financial industry has brought news ideas on data processing and
statistical modelling techniques. This chapter aims at giving some backgrounds on Reinforcement
learning with an extension to Deep Reinforcement learning algorithms, cornerstone of our research
work.

1.2 Elements of Reinforcement Learning

Reinforcement Learning (RL) refers to a goal-directed learning and decision-making process
where an agent acting within an evolving system, learns to make optimal decisions through
repeated experiences gained by interacting with the environment without relying on supervision
or complete model of the environment.

RL uses a formal framework defining the interaction between a learning agent and their
environment in terms of states, actions, and rewards.

The history of Modern RL is grounded in two threads: learning by trial and error and the
problem of optimal control for an evolving system and its solution using value functions and
dynamic programming that has lead to algorithms such as Q-learning and Actor-Critic. Over
the last few years, DRL, emerges on combining classical theoretical results with deep learning
and the functional approximation paradigm and has proved to be a fruitful approach to many
artificial intelligence tasks from diverse domains.

1.2.1 Agent-Environment interaction

RL agent learns through interaction with the environment that it cannot change arbitrarily. It
takes action( i.e. any decision the agent wants to learn ) at a certain system state and observes
the response from the environment, within which it can learn to optimize its behaviour by trials
and errors.
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According to this model, the learning process is done in few episodes and steps. At each
time step t, the agent observes a state s; and choose an action a; to perform. When the action
is taken, the environment and the agent transition to a new state s,;.1, based on the current
state and the chosen action. Moreover, every time the environment moves to a new state, it also
provides a scalar reward r;,; to the agent as feedback, indicating how good or bad has been
the action selected by the agent over the environment. This process is repeated until the agent
approaches to an optimal behaviour.

state ST

As-e,n‘t

- rd Rt Action At

R+ ]
= Environment é——_—

Figure 1.1: The agent—environment interaction in reinforcement learning

1.2.2 Markov Decision Process (MDP)

The Markov property says that “The future is independent of the past given the present”, which
means that starting only from knowledge of the present state, it is possible to make a prediction
of all the expected future states and rewards iterating the model.

We consider a stochastic environment &£, assumed fully-observed and thus formulate the
problem of decision making of an agent acting within an environment over a finite time horizon,
as a Markov Decision Process (S,A,r,p), where at each time, the agent observes a current
state s, from the continuous state space S € R?, takes an action a; based on that current state
from the continuous action space A € R™ and receives a scalar reward r; from the stochastic
scalar-valued reward function r = r(ay, s¢).

p(s',r|s,a) is the probability of transitioning to state s’, with reward r, from s, a i.e.
p(s',rls,a) =Plsgg = §'|sy = s, a4, = d]

The transition dynamics is given by p(s;11|s:, a;) and represents the probability density of
the next state. The agent behaviour is defined by a policy 7 (decision-making rule) i.e. actions
are drawn from 7 : & — A (resp. P(A)) for a deterministic policy (resp. for a randomized policy
which maps the current state s; to a probability distribution over the action space). we will
denote by 7(s) the action taken in state s under deterministic policy 7 and 7(al|s) the probability
of taking action a in state s under stochastic policy 7. w(a|s) = Pla; = als; = 5]

We will use p,(s;) and pr(sq, a;) to denote the state and state-action marginals of the trajectory
distribution induced by a policy 7.

Denoting by v € [0, 1] a discounting factor, which determines how much importance is to
be given to the immediate rewards and future rewards. (Lower values place more emphasis
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on immediate rewards, while values close to 1 give more importance to future rewards.), it is
standard to define the return from a state as the sum of discounted [ future reward from following
the policy 7 (cumulative reward received from the environment).

T T

Gy = R"(s;) = Z'y(i_t)r(si, a;) = Zv(i_t)Ri. (1.1)

1=t i=t

The agent will learn a policy 7 that describes the way of acting to maximize the expected
return in every state.

1.2.3 Value functions

Almost all reinforcement learning algorithms involve estimating value functions i.e. functions of
states (or of state—action pairs) that estimate how good it is for the agent to be in a given state
(or how good it is to perform a given action in a given state). The notion of “how good” here is
defined in terms of future rewards that can be expected, or, to be precise, in terms of expected
return.

We define the state-action value function or Q-value(value of taking action a in state s under
policy 7, denoted Q™(s,a)) as as the expected return starting from s, taking the action a, and
thereafter following policy 7:

Q" (s,a) = E;[Gt|s; = s,a; = d (1.2)
T
=3 Esaon 00 (si,ai)lse = 5,0 = a). (1.3)

i=t

Likewise, the value or state value functionﬂ (value of state s under policy 7, denoted V7(s)
(expected return)), is the expected return when starting in s and following 7 thereafter:

V7(s) = Ex[Gi[s = 5] (1.4)
T

- ZE(Sivai)Nﬂw [’Y(iit)r(si; a;)|s; = s (1.5)
i=t

- maxaGAQﬂ(87 CL). (16)

The objective of Reinforcement Learning is to learn a policy 7 (i.e. a sequence of actions over
time) which maximizes the expected sum of discounted reward from the system (value functions):
An agent reinforced with awards based on its interaction with the environment would learn to
operate optimally in that environment to maximize the rewards (trials and errors).

Lit is necessary to use the discount factor to avoid the infinite return discounting the cumulative rewards r, if
the task is continuous and does not have any terminal state.
and provide a prediction of how good each state or each state/action pair is.
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The problem is thus formulated mathematically by defining the optimal value function(Resp.
optimal Q-function) for each state s as follow:

V*(s) = supV7r = supIEl {ZV(Z r(s;, a;)

S¢ = s} . (1.7)
V*(s) is the value of state s under the optimal policy i.e. V*(s) = V™ (s).

1.2.4 Bellman Equations and Bellman Optimality Equations

A fundamental property of value functions used throughout reinforcement learning and dynamic
programming is that they satisfy particular recursive relationships. For any policy 7 and any
state s, the following consistency condition holds between the value of s and the value of its
possible successor states:

V7T(s) = [Gt\st = 3] (1.8)

= EW Z 8 Sza az
= Eﬂ' Z 'y(i_t)

=E, Rt+v Z 70

1=t+1

= Yorlaly) 2 St {rw@ {Zw”R

i=t+1

5 = 3} (1.9)

Rils, = s] (1.10)

1 (1.11)

Sl = SH (1.12)

V™(s) = Z 7(als) Zp(s’, r|s,a) [7’ + VVW(SI):| : (1.13)

a s',r

This is the bellman equation for V.

The standard approach to solve this optimization in makes use of the well-known
Dynamic Programming Principle (DPP) to derive the following variation of the recursive linear
Bellman equation called the Bellman optimality equation:

V*(s) = suB E[r(s,a)] + VEgp(s|sms)) [V (s)] (1.14)
ac

In fact, the well-known Dynamic Programming Principle (DPP), that the optimal policy can
be obtained by maximizing the reward from one step and then proceeding optimally from the
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new state (1.13)), can be used to derive the above Bellman equation.

V*(s) =supQ™ (s,a) (1.15)
acA
- T
_ (i—t) _ _
= sup E,~ r(8;,a;)|s¢ = s, a; = a]. 1.16
Sup _;7 ( )|t t ( )
- T
_ (i—t) _ _
= sup E - R;|s; = s,a —a}. 1.17
At _;7 t t ( )
- T
=supE. | Ry + 7 Z V(I_t)Ri S =S, a; = a] . (1.18)
acA L i=t+1
= sup Zp(s',ﬂs,a) |:T—|—’7V7F(S/)} (1.19)
acA s
The Bellman optimality equation for Q is:
Q*(s,a) = Q™ (s,a) = B[Ry + 7y sup Q" (si11,a")|sy = s,a; = a (1.20)
— Zp(s’,r]s,a) {r%—’ysupQ*(s’,a')}. (1.21)

s'r

It follows from the literature that, in order to solve this problem, we can perform either value
iteration [I5], policy iteration [9] (18] or a combinasion of the two in actor-critic methods [12]. In
fact, there are two main approaches to solving RL problems: methods based on value functions
and methods based on policy search. Moreover, there is also a hybrid actor-critic approach that
employs both value functions and policy search.

The goal of reinforcement learning is to find an optimal behaviour strategy for the agent to
obtain optimal rewards. The policy gradient methods target at modelling and optimizing the
policy directly through the Policy Gradient Theorem.

1.2.5 Policy Gradient Theorem

The policy is usually modelled with a parameterized function respect to 6, me(als). The objective
function J = V(s¢) become a function of #(i.e. J(#)). Using gradient ascent, we can move 6
toward the direction suggested by the gradient Vy.J(6) to find the best 6 for my that produces
the highest return.

Policy Gradient Theorem provides a nice reformation of the derivative of the objective
function and simplify the gradient computation V,.J(6)

Theorem 1 (Policy Gradient).
VoJ(0) = E,[Q"(s,a)VyInmy(als)]

Where E; refers to Eg,. (s),anmy = E(s,0)~pr(s,a)

Proof. see 3.2
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1.3 Deep Reinforcement Learning

Combing the above-mentioned ideas with Deep Learning has lead to significant performance
improvement and the spreading of the so called Deep Reinforcement Learning (DRL).

In fact, when we are in the setting of continuous, high dimensional action spaces, it is known
from the literature [I] that classical tabular value-based and policy-based methods are challenging,
we rather consider a parametrized value functions Q(s, a; %) and V (s,6") or policies (7 (s, a; 67))
and then use Neural Networks as function approximators.ﬂ There are several popular neural
network architectures amongst which the fully-connected neural networks which we will be
focussing on in the next paragraph.

[ ]
0000000000

iegesesssssvne

Figure 1.2: Human and mathematical neurons. ) ]
Figure 1.3: Neural Network architecture.

1.3.1 Fully Connected Artificial Neural Networks (FCNN)

Fully Connected Artificial Neural Networks (FCNN): It is a neural network architecture
where any given neuron(Cf Figure is connected to all neurons in the previous layer.( cf
Figure .

Let us consider data samples z; € R4 and y; € R%ut for 1 < i < M associated to a regression
problem, where (z;) are the inputs and (y;) are the outputs. That is, we look for a function
F : Réin — Reut which fits to the data i.e. V1 <i < M, F(z;) ~ y;

Let K +1, K € N be the number of layers of the neural network and for £ = 0, ..., K; let
di € N be the size of the k" layer with dy = d;,, and dxg = dy.

Let ¢ : R — R be a non-linear function, generally chosen to be a sigmoid-type or a ReLU-type
function (called activation function in the neural networks literature),

For k=1,..,K,r € R%-1 and for 0, € My, 4, ,((R)) (weight matrices) and by € R% (bias
vectors).

We define the below vector in R% where the scalar function ¢ is applied to the vector 0,z + by,
coordinate by coordinate:

Doy b (@) = [([Or + bi)i)]1<i<a, (1.22)

Writing ® = (61,b1,...,0k,bx) = (0, br)k=1,. K, the output of the neural network with
Z{il d;—1 X d; parameters, is given by:

3Thanks to the universal approximation theorem, Neural networks are known for their ability to approximate
a wide range of non-linear functions in high dimension and to fit to many non-linear regression task [34 [31] [32)
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F@(I’) = 9K(¢9K71’bK71 0...0 ¢91,b1 (U)) + bK (123)

1.3.2 Training of Neural Networks

Training of Neural Networks: The objective is to extract a model from the empirical data.
We look for a function F' in a family of functions parametrized by a finite-dimension parameter:
{Fp,® € RI¥din x R x .. x Réwxdout x Rxc }

For a loss function L : R%ut — R* which measures the error between the prediction Fg(z;)
and the true data y;, the regression problem is the minimization of the average loss over a small
batch of data Z,, ;. The parameters ¢ are updated in the descent direction of L using either
Stochastic algorithms as introduced by Robbins and Monro [2] or a more stable version and still
computationally efficient, the batch gradient descent and further their extension:

Opp1 = Py — ]3”“ Y eFo(z)VL(Fo(z:) — i) (1.24)
batch T
1ein+1

Using Neural networks for reinforcement learning involve some (above-mentioned-like) opti-
mization algorithm which assumes that samples are independently and identically distributed
(IID). This assumption does not hold any more when the samples are generated from exploring
sequentially in an environment, this is challenging in the context of RL. we used a Replay Buffer
to address that issue and improve the learning performance.

1.3.3 Replay Buffer.

Replay Buffer. The agent learns over time to select his actions based on his past experiences
(exploitation) and/or by trying new choices (exploration). The past experiences are stored in a
”Replay Buffer” mainly used to improve the performance of neural networks by providing nearly
non correlated samples at each parameters update. Essentially, it is a finite size cache memory,
which temporarily saves the agent observations during the learning process.

Before the training process, it is full of tuples or transitions (s, a;, r¢, ;1) sampled from the
environment according to the initial exploration policy. During the training process and at each
time step, we update the replay buffer by discarding the transitions with the worst reward or the
oldest reward and storing a new tuple (s, as, 74, $4+1) sampled from the environment according to
the current policy. In this work, the weights of our Neural Networks are initialized from uniform
distributions (Xavier initialisation).

The first motivation of the replay memory in DQN [25] was to alleviate the problems of
correlated data and non-stationary distributions by smoothing the training distribution over
many past experiences. In fact, learning processes are usually in mini-batches i.e. the parameters
of the neural networks are updated by uniformly choosing a minibatch of samples from the buffer
and performing batch gradient descent (a more stable version and still computationally efficient of
Stochastic gradient descent). Such algorithm assume each batch sample to be (IID) from a fixed
distribution. However, exploration from the environment clearly generates correlated samples,
subject to distributional shift. Thus we consider a ”Replay Memory” with large enough size, to
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store past experiences and uniformly sample a mini batch at each update of Neural Networks
parameters in order to minimize the correlations between samples allowing the algorithms to
learn across a set of uncorrelated transitions.

It is usefull to Off-policy RL methods which allow learning based on data captured by
arbitrary policies E|

UP;J.Q‘\Z ing bateh memory

4

New state, actor, reward set

T Re»«ova|

Figure 1.4: A snapshot of the Replay Memory: Finite sized cache used in actor/critic update.

1.4 Actor-Critic algorithms: DDPG and SAC

The combinaison of value-based and policy-based methods leads to Actor-Critic algorithms.
It can be extend to neural Actor-Critic algorithms by using neural networks for functional
approximations. This has lead to significant performance improvement and the spreading of the
so called Deep Reinforcement Learning (DRL).

In fact, when we are in the setting of continuous, high dimensional action spaces, it is known
from the literature [I] that classical tabular value-based and policy-based methods are challenging,
we rather consider parametrized value functions Q(s, a; %) and V (s,0") or policies ((s,a;6™))
and then use Neural Networks as function approximators E| There are several popular neural
network architectures amongst which the fully-connected neural networks used in this study and
for which the reader is invited to refer to [L.3.1] for more details.

The combination of value-based and policy-based methods leads to Actor-Critic algorithms.
This class of RL algorithm alternates between policy evaluation by computing the value function
for a policy and policy improvement by using the value function to obtain a better policy.

4In contrast to on-policy algorithms which require updating function approximators according to the currently
followed policy. I

5Thanks to the universal approximation theorem, Neural networks are known for their ability to approximate
a wide range of non-linear functions in high dimension and to fit to many non-linear regression task [34 [31] [32)
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It can be extended to neural Actor-Critic algorithms by using neural networks for functional
approximations. Deep Deterministic Policy Gradient (DDPG) and Soft Actor-Critic algorithms
are part of that class of RL algorithms (see Figure [1.5)) which have demonstrated state-of-art
performance on a range of challenging decision-making and control tasks. Those algorithms use a
replay buffer to improve the performance of neural networks. see the Figure for more details.

OFf- F('\tc‘/ leamming : On-*pollcy fearr\‘m&
Un&ucce_sspu! for H

[urge action

connet A | TRPO ’
Sensitive to /

hyper pe rometer

settings PPO T Stable

Mo xcimum en“t.roPL{
Pro.mevnrk

Figure 1.5: RL algorithms.

1.4.1 Deep Deterministic Policy Gradient(DDPG).

DDPG: It is a model-free off-policyff| Actor-Critic algorithm, first introduced in [I0], which
combines the Deep Q-Network (DQN) [25] and Deep Policy Gradient (DPG) algorithms. It
extends the DQN to continuous action spaces by incorporating DPG to learn a deterministic
strategy m”. The critic estimates the Q-value function using off-policy data and the recursive
Bellman equation:

Q(St7 at) = T(Sta at) + /YQ (St-i-la 71—D(St—‘rlv 071’))7
The actor is trained to maximize the critic’s estimated -values by back-propagating through

both networks.
To encourage exploration, it uses the following action (stochastic policy):

a; ~ (54, 0™) + N (1.25)

where N is either an Ornstein-Uhlenbeck (Ornstein and Uhlenbeck, 1930) noise process N' =
OU(0,0?) (correlated) or an additive Gaussian noise N' = N(0,0%I) (uncorrelated), chosen
according to the environment. E| It thus treat the problem of exploration independently from
the learning algorithm.

6An off-policy agent learns the value of the optimal policy independently of the agent’s actions while an
on-policy agent learns the value of the policy being carried out by the agent including the exploration steps.

"We will used an additive Gaussian noise with a decreasing standard deviation to dampen exploration as the
agent is learning the optimal policy.
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moking decisions

LbP&

Figure 1.6: A snapshot of the Actor-critic approach based on DPG algorithm

However, this algorithm is known to suffer from high sample complexity and sensibility to
hyper-parameters. °| Subsequently, we also, consider an extension known as SAC.

1.4.2 Soft Actor Critic (SAC)

Off-Policy Maximum Entropy Deep Reinforcement Learning with a Stochastic Actor:
It is an off-policy actor-critic deep RL algorithm based on the maximum entropy reinforcement
learning framework. It was introduced in [I1] and extend the DDPG setting by allowing the actor
to maximize the expected reward while also maximizing the entropy. The off-policy formulation
enables reuse of previously collected data for efficiency, and the entropy maximization enable
stability and provides a substantial improvement in exploration and robustness. It favors
stochastic policies by considering a more general and augmented entropy objective: ﬂ

Je =3 Eayn 0O (s1,a0) + aM(x(-|s))] (1.26)

i=t

7" = arg max J;.
mell

where H is the entropy functional, II a family of tractable policy H and « is the temperature
parameter which determines the relative importance of the entropy term against the reward, and
thus controls the stochasticity of the optimal policy.

We want to project the improved policy into the desired set of policies in order to account
for the constraint that m € II. We will rather use the information projection defined in terms of
the Kullback-Leibler divergence and redefined the actor loss function. E|

8We witnessed it by changing differents hyperparameters.

9Sample-efficient, Robustness to noise, random seed and hyperparameters, Scale to high-dimensional observa-
tion/action space

Owe prefer policies that are tractable, we will additionally restrict the policy to some set of policies II, which
can correspond, for example, to a parameterized family of distributions such as Gaussians.

HTn principle we could choose any projection
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Let denote by @)y the critic network, parameterized by 6 and 7, the actor network, parame-
terized by ¢ which outputs a probability distribution over the action space i.e. the best action to
take from state s; is then sampled from the probability distribution my(-|s).

We redefined the policy loss as the KL divergence or the gap between the probability
distribution over the action space proposed by the actor network and the probability distribution
induced by the exponentiated current QQ function normalized by the factor Zy: In fact, the high
values of the latter indicates the areas of the action space where the cumulative expected sum of
rewards is approximated to be high, minimizing the KL divergence means getting an efficient
actor network associated to actions yielding highly rewarded trajectories.

With the definition of the KL divergence, we have:

exp (3Qo(st:-))
Zg(St)

Jr(¢) = Equp | DiL <7T¢('!8t) |

- 7T¢(at|5t)
=Esop /at m(aese) log exp (é@e(Sn at)) /ZG(St)dat]

=E,,~p / (mg(ar|se)alog me(aelst) — mp(at]s:)Qalst, at))dat] + Cte

LY at

= Eoop | Baromysy) [alog g (ar|st) — Qo(se, at)]] + st (%)

The soft Q-function parameters can be trained to minimize the soft Bellman residual:

1

o) = Bty [ (@l 00 = (5,00 + 1 B Wilses))’| . (120

where the value function is implicitly parameterized through the soft Q-function parameters
and it can be optimized with stochastic gradients.

VoJo(0) = VeQo(ar, 5¢) (Qo(se. ar) — (r(se, ar) + v (Qg(se41, arp1) — alog (m(ars1]se41)))) -
(1.28)

The update makes use of a target soft Q-function with parameters @ that are obtained as an
exponentially moving average of the soft Q-function weights, which has been shown to stabilize
training. Finally, the policy parameters can be learned by directly minimizing the expected
KL-divergence in (x):

Jo(¢) = Egyn [Eaynr, [aog (mo(aclst)) — Qo(se, 50)]] (1.29)

There are several options for minimizing J;. A typical solution for policy gradient methods is to
use the likelihood ratio gradient estimator , which does not require backpropagating the gradient
through the policy and the target density networks. However, in this case, the target density is
the Q-function, which is represented by a neural network an can be differentiated, and it is thus
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convenient to apply the reparameterization trick instead for the probability law according to
which actions are drawn: [ i.e.

ay = fo(€; 51) = pg(s) + €0y(s0), (1.30)

where ¢€; is an input noise vector such as a spherical Gaussian (e, ~ N(0,1) ).
We can now rewrite the objective in [Equation 1.29 as

Jr(9) = Eginp e [alog 7T¢(f¢(€t§ st)|se) — Qo(st, f¢(€t; se))l, (1.31)
where 7, is defined implicitly in terms of f;. We can approximate the gradient of IT_EI with

Vodn(9) = Vgalog (ms(arls,)) + (Va,alog (mo(arls)) = Va,Q(st, a0)) Vo fis(ets 1) (1.32)

where a; is evaluated at fy(e:; s;). This unbiased gradient estimator extends the DDPG style
policy gradients to any tractable stochastic policy.

SAC is brittle with respect to the temperature parameter. Unfortunately it is difficult to
adjust temperature, because the entropy can vary unpredictably both across tasks and during
training as the policy becomes better. An improvement on SAC formulates a constrained
optimization problem: while maximizing the expected return, the policy should satisfy
a minimum entropy constraint:

Automating Entropy Adjustment for Maximum Entropy RL: Choosing the optimal
temperature is non-trivial since it need to be tuned for each task. Simply forcing the entropy to
a fixed value is a poor solution, since the policy should be free to explore more in regions where
the optimal action is uncertain, but remain more deterministic in states with a clear distinction
between good and bad actions.

We overcome this issue as proposed in [I3] by formulating a different maximum entropy RL
objective, where the average entropy of the policy is treated as a constraint, while the entropy at
different states can vary.

We show that the dual to this constrained optimization leads to the soft actor-critic updates,
along with an additional update for the dual variable, which plays the role of the temperature.

Our aim is to find a stochastic policy with maximal expected return that satisfies a minimum
expected entropy constraint. Formally, we need to solve the entropy-constrained maximum
expected return objective problem.

T
max k. ZW(”)T(%%L)] (1.33)
‘ i—t
st. Eispan~pr [—log(mi(aelss))] > Ho Vi (1.34)

2Instead of the standard likelihood ratio method. This may result in a lower variance estimator and still is an
open question on which no consensus is found in the literature.

13hy writing the second order Taylor development of the loss function

Note that this analytical gradient is useless in practice with common deep learning frameworks such as
pytorch [Paszke et al., 2017] or tensorflow [Abadi et al., 2016]. Indeed, these libraries are such that writing the
policy loss is enough: the gradient is automatically computed when the backward pass is performed.
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where H, is a desired minimum expected entropy E

Since the policy at time ¢t can only affect the future objective value, we can employ an
(approximate) dynamic programming approach, solving for the policy backward through time.
We rewrite the objective as an iterated maximization:

max (JE [r(s0, a0)] + max (E [.]+ max E [r(sr, aT)]>) : (1.35)

o

subject to the constraint on entropy. Starting from the last time step, we change the constrained
maximization to the dual problem. Subject to E(s; a)~p, [—log(mr(sp|s7))] > Ho,

max By, a)~p, [1(s7,ar)] = m1>no max E [r(s7, ar) — arlog (ar|sr)] — arHo, (1.36)
T o> T

where ap is the dual variable. We have also used strong duality, which holds since the objective
is linear and the constraint (entropy) is convex function in 7. This dual objective is closely
related to the maximum entropy objective with respect to the policy, and the optimal policy is
the maximum entropy policy corresponding to temperature ar: 7 (ar|sr; ar). We can solve for
the optimal dual variable a7, as:

arg min Est,awn; [—arlog iy (ar|st; ar) — arHo) . (1.37)
ar
To simplify notation, we make use of the recursive definition of the soft Q-function

Q; (st ap; r s ) = B [1(se, a0)] + By [Qryr (Ser1s 1) — oy log sy (@ |ses1)] 5 (1.38)

with Q% (s, ar) = E [r(sr,ar)]. Now, subject to the entropy constraints and again using the
dual problem, we have

Tr—1

max (E [r(s7_1,ar_1)] + max E [r(st, aT)]) (1.39)

= 17}130( (Q*TA(ST_h CLT—1) - aTHO)
T—1

ar_120 71

= min max (E [Qi_‘p_l(sT,l, aT,l)] —E [ar_1logm(ar_1|s7-1)] — aT17-[o) + arHo.

In this way, we can proceed backwards in time and recursively optimize [Equation 1.34] Note
that the optimal policy at time ¢ is a function of the dual variable a;. Similarly, we can solve the
optimal dual variable o (the optimal temperature at step t) after solving for @} and =;:

of = argminEq, [~y log 77 (as|ss; o) — ayHo] - (1.40)

we choose the entropy target Ho to be -dim(.A) as proposed by the article.
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1.5 Overview and Outlook

In the finance industry, new ideas coming from reinforcement learning have been developed
and adapted to financial problems with many successes. For surveys in the literature on RL
applications in finance, the reader is invited to refer to [11 [7, 23, 17, 19, 20, 21]. This has attracted
a lot of attention in applying RL techniques to improve decision-making in various financial
markets and thus has instigated the following natural extension to the volatility fitting problem.



Chapter 2

Deep Reinforcement Learning
Framework For The Volatility Modeling
And Fitting Problem

This Research work delves into the application of DRL for volatility fitting problem: We
investigate the performance of model-free RL aka Actor-Critic Methods on continuous action
space for a novel approach to fit the volatility surface. To the best of our knowledge, this is
the first study of DRL on volatily fitting model. Our Research focus on providing a method for
fitting the volatility surface after a market move for an arbitrary initial volatility surface and
market state. We demonstrate the effectiveness of this framework for differents markets scenari
accross different random seeds.

2.1 Introduction

The implied volatility, which is one of the most important risk factors in the equity business, is
usually encoded in a functional form with a limited set of quasi-orthogonal parameters. This
functional form, often referred to as volatility parametrization, allows users to describe the
movements and deformations of the implied volatility surface in an easy way and helps in
generating predictive signals for pricing and risk management of equity derivatives.

The process through which the coefficients of the volatility parametrization are determined is
called calibration and is often performed automatically [[| by an algorithm tailored to optimize
pre-determined objective functions. For instance, most algorithms aim at matching the mid
implied volatility at all expiries where there is a visible market under non-arbitrage constraints.
The fitting algorithms used in the industry often account for large sets of conditions such
as liquidity, presence of outliers or even macro-events however all those algorithms have
native rigidity in them as they follow preset rules for every market conditions. By design, the
”deterministic algorithms” cannot find optimal solutions outside of their definition scope and
cannot re-use past accumulated experiences as every output is flashed out.

Tt can also be performed on a less regular basis depending on the liquidity of the asset.

15
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In this work, we look at the fitting problem from the angle of reinforcement learning (RL).
In this new paradigm, we assimilate the fitting-algorithms to agents evolving in a stochastic
environment where: (a) states are the collection of observable market quotes and anterior volatility
surfaces (b) actions are the bumps to apply in order to shift the prior volatility parametrization
and (c) rewards are the opposite of well designed errors. By adopting a RL framework, one can
benefit from the native exploration/exploitation trade-off where optimal actions are taken with
some margin for exploration that could unveil new optimal decisions. Furthermore, in continuous
states (which is the case for the volatility fitting problem), one can heavily benefit from replay
buffers which are massive logs with historical or synthetic experiences. Finally, by learning in a
stochastic environment where market quotes are continuously evolving RL agents can learn to
track market dynamics and to better stabilize the volatility parametrization coefficients.

2.2 Modeling Specification

For a market participant in the Equities derivatives market, one of the fundamental objects to
manipulate is the implied volatility surface of an asset (defined by their prices) indexed by the
expiration of the options on the underlying asset and/or its strike price.

The construction of implied volatility surfaces which are both sufficiently flexible and com-
patible with arbitrage constraints (call spread, butterfly and calendar spread) is a subject of
major importance for any participant in the financial markets.

The volatility calibration consists in adjusting the coefficients of the volatility parametrisation
in order to fit the market observable implied volatility. More generally, a parametric functional
form is used to encode the implied volatility for a given maturity at every strike. The volatility
fitting problems aims to fit the market implied volatility and provide interpolation and extrapo-
lation whenever the market data is not available. It is used to price structured products with
volatility exposure, to calibrate base model (local volatility, stochastic local volatility etc.) and
for risk management.

This section starts with the traditional approach to volatility calibration which consists in
adjusting the coefficients of the volatility parametrisation in order to fit the market observable
implied volatility and next extend the problem to the novel RL framework where the objective is
rather to bump the parameters in order to maximize a defined reward function.

In this section, we provide a brief overview of how the volatility fitting is traditionally
performed. We then frame the problem into an RL setting, translating the classical definitions
into the reinforcement learning framework. We explain why the RL architecture, compared to
the deep neural networks, is well suited for efficient volatility fitting. Finally, we conclude this
section by detailing the implementation of the Actor-critic algorithms (DDPG and SAC) and
explaining how they were adapted to the fitting game.

2.2.1 Volatility Fitting: State of the art

Many methods exist in the industry to encode the implied volatility information extracted from
the market. For example, some practitioners can use closed or semi-closed parametric forms to
define the variance (or the volatility) at every strike (see for example [27]). Other approaches
consist in modeling the implied density of the asset directly (see [26]) or even use a diffusion
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style model to fit the market at every expiry.

For a survey of methodologies for constructing implied volatility surface (IVS) in practice, the
reader can refer to [30].

In this paper, we restrict ourselves to the modeling of the variance using a parametric function.
The techniques developed to solve the calibration of the volatility surface can be perfectly scaled
to all the other parametrization choices. Parametrization of the variance can take small to very
large sets of coefficients ﬂ To keep the action space small, we restrict ourselves to 3 parameters
and consider extending to a larger set in a future study. Using 3 parameters is often not enough
to fit the market properly, as there are not enough degrees of freedom to sufficiently bend the
model implied volatility, this is why we will be adding to the RL results a benchmark generated
from a classical optimizer.

Traditionally, once the vehicle encoding the implied volatility is selected, the choice of
the target is defined. In most cases, practitioners aim at positioning the model implied volatility
at the mid [| factoring into account several effects such as the presence of arbitrage, smoothness
of the term-structure, stability between consecutive fits and so on. A careful selection of the
reward is thus important when translating the classical model-based approach into a model-free
reinforcement learning architecture. The fitting logic itself is driven by a set of deterministic rules
where market data is massaged to generate aggregated quotes, the parametrization coefficients
adjusted to approach the mid volatilities for some strikes and the output coefficients set cleaned
from any bias induced by the numerical method.

A first and natural alternative would be to consider the volatility fitting problem as a
predictive exercise where the input z is the collection of all available information at time ¢
and the output Ay is the variation of the parametrization’s parameters between t and t + e.
In such setting, the goal is to approximate the application ¢ such that Ay = ¢ (z). A very
famous family of approximators are the feed forward neural networks which can learn large set
of functions. While it is a viable and intuitive approach, solving the problem with such design
has several downsides: on the one hand, the training set used to calibrate the weights of the
neural networks captures solely a finite number of market regimes. This would require either
a frequent re-calibration or training from the user to track changes in market regimes or an
immense dataset to expand the coverage of the training set. On the other hand, labeling all
the inputs x assumes implicitly a choice of the objective function (for example low error to the
mid). This means the calibrated neural network cannot be re-used when the user has a different
objective function in mind [f.

The second alternative, which we introduce in this paper, is to swap the “deterministic
algorithms” with the Deep Reinforcement Learning framework. On the one hand, the actor
neural network ¢,cuqrq provides a direct link between the inputs z and the output Ay. On
the other hand, the replay buffer is a dynamic training set which can swiftly track the market
evolution. Furthermore, when the objective function considered for the fitting is complex (e.g:

2Some market providers use parametrizations with up to 20 coefficients.

3The mid is computed from the aggregated bid/ask volatilities.

4The user could build different neural nets to overcome this limitation but it also means having distinct
training sets which could bare time and monetary cost challenges.
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desk PnL) and the standard optimizer too heavy to run E], the RL approach can learn how to
interactively adjust the volatility surface through intelligent cues (the rewards) freely available
(e.g: in risk systems). As we will showcase in the coming sections, the Deep Reinforcement
Learning (DRL) techniques are effective and can produce the same results as standard optimizers.
They can be trained offline (for example outside market hours) or online after an initial warm-up
phase.

Traditional Approach Traditionally, we have some objective functional depending on the
choice of the loss function. Since, we usually want to match the mid, we traditionally consider
the squared-error loss or the hubber loss.

Setting o*P™d(¢; r;) = otAs,f oPil the aggregate volatility spread and o™d(t;, k;) =
(e "+ o) the aggregate Volatlhty mld we define the objective to be:

e FEither the squared-error loss :

\/Z] 1w3~ (ti, k5)? (2.1)

] 1w]

gMid (tz‘,/‘i ) \I,vol (H]
2%

where Z(t;, k;) = and w; the Black-Scholes Vega for example.

i
ospread (tz K )

e or the hubber loss defined by :

n

E(0r) =Y Ls(E(ti, 1)) (2.2)

J=1

142 for |a| < 4,

where Ls(a) = {;

- (Ja| = 16), otherwise.

The hubber loss function is usually used to assign less penalty to the outliers compared to
the error loss, and really useful when the data contains large number of outliers.

2.2.2 Reinforcement Learning framework for Fitting

Parametrisation and market observables: Let us fix a maturity T and observe the market

at time ¢;, i.e. a collection {aéjﬁ Jput(Lis ) ol sput (i lij)} of markets quotes for different

J€[L,...,n]

moneyness (Ki, ..., Kn).

5Multiple repricing can be required in the optimization routines.
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We consider a setting with a parametrisation \I/;Pl ﬂ of the volatility slice with a vector of
K parameters denoted by 6, = (6}, ...,6). The market is moving over time, and at time #;.1,
this fitting problem consists of finding the optimal vector 52;+1 which maximizes an objective

function. The parametrisation U4 is classically optimized to be close to the mid volatilities
. . As s G.Bi ks .
{O‘MZd<ti,/€j)}j€[1 o with oMi(t;, k;) = 2 Plting) o brs) (See Figure [2.1])

2

¢ Bud-cal

: | ° Bdput

Figure 2.1: A snapshot of the agent acting in the market: The old volatility surface is bumped
to a new one following the move of the market, conditional on prior volatility surface.

In the RL framework, we leave the problem open to more than just matching the mid as much
as possible. In fact, our goal is to maximize a certain reward defined in term of an objective
function: With a market move at time ¢,,, the challenge for an agent is to bump the parameters
of our volatility slice parametrisation \I’;Pl in order to maximize a certain reward.

Subsequently, for a range of moneyness, and starting from a prior parametrized volatility
surface \I/gf? (i.e. the latest fit is the prior input), the problem is to find the shifted vector

AQ_;Z. = (A6}, ..., Af) to bump the old parameters 0_;51 in order to maximize our selected reward
function.

6We can think about the Stochastic volatility inspired (SVI) parameterization of the total implied variance for
a fixed time to maturity proposed by Gatheral [28] [26] 29].

\I/;S‘/I(lg)2 =a+b(plk—m)++/(k—m)2+02)

where k is the log-forward moneyness, and g = (a,b,p,m, o).
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State and Action spaces: Our state is the set of tuple consisting of the observed markets
quotes and the prior volatility parameters:

Si, = <JBid(tl-,mj),JASk(ti,/ij),Qtl,_l, ...,0{_(_1 ) e RY
¢ ¢ jEl,n]
(with N > 2n + K), where we consider the bid and ask market implied volatility, i.e. the state
space is continuous. |Z|
From the RL perspective, the fitting cycle looks as follows: At time ¢, ,,

1. The agent sees the state t;; of our environment built on the markgt bid and ask volatilities
(homogeneous variable) and the old volatility surface parameters 6;, (endogenous variable),

-

2. It takes some action a;, , = Al =0,

0., and receives some reward r(s¢,,,, s, = Ay, ).

— 0,, on the adjustment of the old parameters

3. It boils down a new state for which the resulting volatility slice maximizes the reward.

The error term between our volatility surface and the mid market is denoted ¢ (0: ) -
Since the vector of bumps Af ( resp. the actions) can take any values in RX ( resp. R¥)

space, it boils down a continuous actions spaces.

Reward functions: We use two metrics to measure the goodness of the fit: E|

e Mean squared error (MSE) defined by :

§0,) = (0"t ;) — Wi (k) (23)

j=1

It is used to penalise larger deviations from the true values, making it an effective metric
for assessing the quality of fit.

e Black Scholes Vega weighted Mean squared error (BMSE) defined by :
£(0,) =Y vegapg(r;) (@™ (ti, ;) — W;ﬁ’@f (2.4)
j=1

It is used to penalise markets quotes located at the neighbourhood of the at-the-money
region.

"We may also rather consider (U]\/[id(ti, k), 0Pl (t k), 0F L0 ) € RN (with N > 2n + K), where
) J

osPread (g, ) 1= o A%k (t; k;) — oP(t;, k) is the bid-ask volatility spread.
8We can also design a reward functional taking into account a set of constrains like the liquidity, macro-events,
term-structure, stability.
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Remark : We can also use the Scaled Mean squared error (SMSE) Hto give more importance to
market quotes with small bid-ask spread.

Within all thgse cases, we defined the reward as the opposite of that error term:

r(st;, ar, = AGy,) = —&(0,)

2.3 Algorithms Overview For Volatility Fitting

In this setting, the state-action value can be written as:

Q (St y Aty = Aet - ZE(Skﬂk pr k ) f(g )] (26)

We adapt the framework of DRL technique and provide a natural extension of DDPG and SAC
to the volatility fitting problem, and adjust our exploration preference (decaying the standard
deviation of the exploration noise and the temperature coefficient with steps as we draw close to
the optimal reward). We also choose to store only transitions which improve the replay memory
i.e. for which the reward is greater that the worst reward in the replay buffer.

Note that the sampled minibatch from the replay buffer in our algorithms is a state-action-
reward-next state tuple of the form

(stn Qi1 Tty s Stz)a ceey (StK7 Qtpe s Ttpe s StKJrl)-

Using the observed markets quotes and the prior volatility parameters to represent the market
state present the challegenge of feature scaling regarding their order of magnitude. In this
context, unlike supervised learning, we cannot simply rescaled the features in the naive way
since the a-priori distribution of states under the optimal policy is unknown. We used batch
normalisation(dynamic feature scaling or running means and standard deviation) of states as
solution to this problem [24].

In fact the input or physical statistics are different by nature and even statistics of the
same type may vary a lot across multiple batchs. Batch normalization is applied to fix it by
normalizing every dimension across samples in one minibatch.

The critic and actor networks are then updated according to these samples with a normalization
of layer inputs as proposed in [24] to reduce the internal covariate shift. The reader should refer
to the appendix for the hyper-parameters used for the training.

We use a benchmark optimizer for performance comparison. For the actor and the critic, we
use a two layer feedwordward neural network with n and m units in each layer respectively, and
ReLu, Tanh activations.

To stabilize the estimates of the target values, we use a soft update rule which slowly transfers
the weights via Polyak averaging¢ = 7¢ + (1 — 7)¢ for some small 7 . In this way, the target

9Setting oPread (¢ ;) := J{‘ﬁf B“i the volatility spread, we define the SMSE :

oMt k) — Wl ()

£0i) = ( —)? (2.5)

O-spread (t“ /Qj)
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network values are constrained to change slowly, different from the design in DQN that the target
network stays frozen for some period of time.

N .\ e .
Qis.al0?) .- * Q'(s,ald?)
D . B,
s N 0 SN
S AGTTN . Py
s )
N QO
}ﬂo&/? \ Ak v--f’ ) \
XA\ g gas Gos
Acter '*C‘.v\"k',;_-f-" ’\):f\/‘ri_\; '/', = _’5 N i
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Figure 2.3: stability and soft update.
Figure 2.2: None stability for critic value
network — Target networks and soft update.

2.3.1 Deep deterministic policy gradient (DDPG):

In our setting (see section [2.4] ), we perform exploration using a Gaussian Noise (GN) instead of
Ornstein Uhlenbeck (OU) action noise as GN is time-independent while OU noise presents some
auto-correlation.

a; ~ 7P (s, 0™) + N
making decigions

-- with A € OU(0, 62), N'(0, 021)

.}i N
;?F:Z J Sood Bad
==1-F=== T B8
Figure 2.4: Replay Memory and Noise
in the DDPG Framework.

We choose to dampen exploration by powerly decaying the standard deviation of the Gaussian

Noise ( figure [2.4] ).
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Algorithm 1 DDPG variant for Volatility fitting

1 Input: Randomly initialize an actor network WD(S;H), a critic network Q(s,a; ¢),with
parameters 09 and ¢

2: Initialize target networks 7” and @ with parameters ¢(® < ¢© and 6 «— 9O,
3: Initialize the replay buffer RB
4: forn=0,...,N—1do
5. Initialize a gaussian process AN for action exploration and fix LearningFlag= True.
6:  Initialize state sy with a flat volatility parameters
7. fort=1,...,M do
8: Select the bumps a; ~ 72 (s;;60™)) + ¢, with ¢, ~ N(0,0,), 0, = max(oo(1 — 2)*, oyin)
9: Execute the bumps 7 (s;;0™) (deterministic) and a;(exploration), then receive reward
rP. r; and observe new state s;i

10: Smartly Store the transition (s, at, 74, si11) in RB , (see Fig[2.4)
11: if LearningFlag then
12: Sample a random mini-batch of Ny, transitions {(sq), ag), 7@, s(iﬂ))}ﬁﬁ“h from

RB
13: Compute the target

Vi =i + YQ(Si41, T (8141;0); ).
14: Update the critic by minimizing the loss: ¢! = ¢(™ — BV, Lpppa(¢™)
15: Update the actor by using the sampled policy gradient: 6"+ = (") + o V,.J(0™)
16: Update the target networks via polyak averaging:

gg(n-i-l) « 7_¢(n+1) + (1 _ T)q;(n)
oty 7t (1 — 7)gm

17: end if
18: Update LearningFlag wrt to a preset criterion|
19:  end for
20: end for

VGJ(G(n)) N Z?ﬁffc}l V.Q(s,q; (b(n))V@WD(S; e(n))‘s=81,a=ai

Nyatch

Loppa () = 57— S (V; — Q(si, ai; 9))?

Nyatch

2.3.2 Soft Actor Critic (SAC):

In addition to the Q-function (we use two soft Q-function to mitigate positive bias in the policy
improvement step), and the policy, we learn the optimal temperature coefficient at each step by
minimizing the dual objective in Equation

107D > Rg (in the static and sequential toy case) or " > Ry(in the dynamic case) where Rg is a reward
threshold and " the mean reward of the evaluation episode(see ).

Ithis analytical gradient is useless in practice with common deep learning frameworks such as pytorch since
these libraries are such that writing the policy loss is enough: the gradient is automatically computed when the
backward pass is performed.
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In particular, we parameterize two soft Q-functions, with parameters 6;, and train them
independently to optimize Jg(6;). We then use the minimum of the the soft Q-functions for the
stochastic gradient in [Equation 1.28 and policy gradient in [Eiquation 1.32]

Algorithm 2 SAC variant for Volatility Fitting

1: Input: Randomly initialize an actor network 7(s; @), two critics networks Q(s, a; 1) and
Q(s, a;0;), with parameters ¢, 9%0) and 050).
Initialize o® and set H = —dim(R¥) = —K
2: Initialize target networks ) with weights
09 6\ and 65 « 6,
3: Initialize an empty replay pool
RB + () and fix LearningFlag= True.

4: forn=0,...,N—1do
5. Initialize state sy with a flat volatility parameters
6: fort=1,...,M do
7: Sample the vector of bumps from the policy
ay ~ To(arlse) = pg(se) + e04(s1)
8: Execute the bumps 114(s;) (deterministic) and a;(exploration) , then receive rewards r;,
r, and observe new state s, 1 ~ p(Si1|st, ar)
9: Store the transition in the replay pool
RB <+ RBU{(st,ar,r(s,at), Se41)}
10: if LearningFlag then
11: Sample a random mini-batch of Ny, transitions {(s(i), agy, Ty, s(iH))}fV:bf“h from
RB
12: Compute the target y; =
T 4y (Q9(5i+17 CL¢+1> —a log 7T(®i|5i; ¢(n)>)-
13: Update the Q-function parameters: or je{1,2} 9](-"“) = 93(.") — AoV, JQJ,(GJ(-"))
14: Update policy weights: E
O = ¢ — AV T (6)
15: Adjust temperature
o) o AV, T (™)
16: Update the tar%et networks Welghts via polyak averaging:
gt ol ) for j € {1,2}
17: end if
18: Update LearningFlag wrt to a preset criterion]
19:  end for
20: end for

Ensure: Optimized parameters 67, ;5 and ¢*
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We compute gradients for a with the following objective |[Equation 2.7}

J(a) = Egom, [—alog m(ads:) — aH] . (2.7)

We can proceed backwards in time and recursively optimize [Equation 1.34] The optimal
policy at time t is a function of the dual variable «y. Similarly, we can solve the optimal dual
variable o; (the optimal temperature at step t) after solving for Q; and 7;:

af = argminEq, o [—azlog m) (ar]ss; ) — awH] (2.8)
ot

2.4 Insights from toy-markets

In order to assess the performance of the reinforcement learning algorithms for the volatility
fitting problem, we consider toy markets of increasing complexity. In particular, as we will detail
in the coming lines, we start with a simple scenario where market data is static. We then relax
this hypothesis to slowly account for the market dynamics.

2.4.1 Static Scenario

In this scenario, the market quotes are static and do not change during the full experiment. In
particular, the initial state is a flat volatility surface and the fitting episode ends after one step.
The state space is degenerated into a single state but the number of actions is infinite. The goal
of the agent is to immediately detects the right parametrization bumps to apply in order to
approach the market mid.

2.4.2 Sequential Scenario

In this scenario, the market quotes are static and do not change during the full experiment. In
particular, the initial state is a flat volatility surface and the fitting episode ends after several
steps (e.g: 50 steps E] ). Both the state and action spaces are infinite. The goal of the agent is
to detect the right parametrization bumps to apply in order to approach the market mid. Due
to the effect of the discount factor, the agent is encouraged to detect the right parameter shifts
from the first step.

by minimizing the MSE loss against Bellman backup Jg, (0§»n)) = Nbitch vazbft“h (yi — Q(s4, as; 9;71)))2f0rj €
{1,2}

by minimizing the Entropy-regularized policy loss:
Jr(®) = Eq,op [Eeano,n[alog ms(fol€; se)|se) — Qolse, fole;se))]]
Qo(si,a;) = min(Q(s;, a;; ng)), Q(si, a;; Hén))).

HMgsame as

15This order of magnitude is in line with the number of fits that can happen between the open and the close if
a fit is scheduled every 10mn.
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2.4.3 Quasi-Dynamic Scenario

In this scenario, we allow the market to evolve freely during a full episode. In particular, the
mids and spreads (for different moneyness) are random quantities with distinct marginals and a
common joint distribution[:g]. The means, variances and correlations are calibrated using public
“real-market” data for a full trading day for certain stocks. This scenario is a clear cut versus the
static and sequential market as:

e The dimensionality of the state space is higher as the market quotes components is changing
at every step.

e The success criteria is more subtle as it doesn’t only consist in approaching a single static
terminal curve but to have the agent approach and track the market for several steps.

In this setting, we perform three successive operations:

1. Training Phase: we calibrate the hyper-parameters (e.g: learning rates, volatility noise,
replay buffer size, etc) to increase the average reward in the evaluation episodes. The
evaluation episodes are modes where all the randomness of the DRL algorithms is removed
and no updates to the neural networks is performed. This training phase has a side benefit
as it helps to determine a stopping threshold (for learning) for our agents.

2. Validation Phase: in this phase, with the optimal configuration of hyper-parameters and
the stopping criterion for learning, we train several agents and upon completion of training,
we compare the performance of different successful agents under different seeds to select
the most promising candidate.

3. Testing Phase: we assess the performance of the best agent in a test episode.

2.5 Numerical results

In this section, we evaluate the performance obtained by the reinforcement learning algorithms
[ for the toy problems described in .

The algorithms performance is tested against different market configurations that can be encoun-
tered in live trading activity.

2.5.1 Static Market

We compare the performance of the DDPG and SAC (averaged across multiple seeds) against a
classical optimizer (Benchmark) in [2.4.1] We first show a summary table with the final rewards
for different market configurations before displaying the implied volatility at convergence.

16The marginals are assimilated to normal distributions and the joint-dynamic is treated as a Gaussian copula
1"Note: The DDPG and SAC are variants of the seminal algorithms adjusted for the volatility fitting problem.
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MSE Reward Summary:

As can be seen from table 2.1 and 2.2} the final rewards achieved by the variants of the actor-critic
algorithms is close to the one coming from the optimizer. The performance is stable across the
different market configuration considerered.

Table 2.1: DDPG MSE Rewards Table 2.2: SAC MSE Rewards

type Skew High Smile Inv. Smile  type Skew High Smile Inv. Smile
Bench -0.011913  -0.0000220 -0.0000436  Bench -0.011913  -0.0000220 -0.0000436
seeds” avg -0.012145  -0.000163  -0.000315 seeds’ avg -0.011945  -0.000221  -0.001800

High Smile Market (MSE):
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Figure 2.5: Implied volatility snapshot in a  Figure 2.6: Implied volatility snapshot in

"High Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in ( ) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.

a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds. We
represent in ( ) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.
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Skew Market (MSE):

volatilities

%o, —— avg last 1000 vol_curve
s —— best last 1000 vol_curve
. —— best_mse_fit

0.45 4 E e Mid

0.2 04 0.6 0.8 1.0 12 1.4 1.6 1.8

Figure 2.7: Implied volatility snapshot in a
”Skewed” configuration with DDPG: A Monte-
Carlo on 5 differents random seeds is performed
with a power decaying noise. We represent in
(green) the best response of the agent amongst
the last 1000 episodes and in (blue) the mean
of the last 1000 volatility slices.

Inverse Smile Market (MSE):

volatilities

— avg last 1000 vol_curve
—— best |ast 1000 vol_curve
—— benchmark_fit

0.725 4 e Mid

Figure 2.9: Implied volatility snapshot in a
"Inverse Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in (green) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.
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Figure 2.8: Implied volatility snapshot in a
”Skewed” configuration with SAC: A Monte-
Carlo on 5 differents random seeds. We repre-
sent in (green) the best response of the agent
amongst the last 1000 episodes and in (blue)
the mean of the last 1000 volatility slices.
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Figure 2.10: Implied volatility snapshot in a
"Inverse Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds. We
represent in (green) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.

For more details on the black-scholes vega weighted reward, please refer to the appendix
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Black Scholes Vega Weighted MSE reward:

High Smile Market:
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Figure 2.11: Implied volatility snapshot in
a "High Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in (grcen) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility
slices..

Skew Market:
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Figure 2.13: Implied volatility snapshot in
a "skew Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in (grcen) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.
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Figure 2.12: Implied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds. We
represent in (green) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.
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Figure 2.14: TImplied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds. We
represent in (green) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.
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Inverse Smile Market:

volatilities

—— avg last 1000 vol_curve
—— best last 1000 vol_curve
0701 — benchmark_fit

® Mid

0.2 0.4 0.6 0.8 1.0 1.2 14 1.6 18

Figure 2.15: Implied volatility snapshot in an
"Inverse Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in ( ) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.

2.5.2 Sequential scenario

volatilities

—— avg last 1000 vol_curve
—— best last 1000 vol_curve
0701 — benchmark_fit
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0.2 0.4 0.6 0.8 1.0 1.2 14 1.6 18

Figure 2.16: Implied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds. We
represent in ( ) the best response of the
agent amongst the last 1000 episodes and in
(blue) the mean of the last 1000 volatility slices.

We compare the performance of the DDPG and SAC (averaged across multiple seeds) against
a classical optimizer (Benchmark) in . In this scenario, more than one step is allowed per
episode. We first show a summary table with the final rewards for different market configurations
before displaying the implied volatility at convergence.

MSE Reward Summary:

As can be seen from table and [2.4] the final rewards achieved by the variants of the
actor-critic algorithms is close to the one coming from the optimizer. The performance is stable
across the different market configuration considerered.

Table 2.3: DDPG MSE Rewards Table 2.4: SAC MSE Rewards

type Skew High Smile Inv. Smile  type Skew High Smile Inv. Smile
Bench -0.011913  -0.0000220 -0.0000436  Bench -0.011913  -0.0000220 -0.0000436
seeds’ avg -0.017231  -0.005591  -0.001318  seeds’ avg -0.006107 -0.0006141 -0.0018047
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Skew Market (MSE):

volatilities
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—— best last 50 vol_curve
—— benchmark_fit
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Figure 2.17: Implied volatility snapshot in a
”Skewed” configuration with DDPG: A Monte-
Carlo on 5 differents random seeds is performed
with a power decaying noise. We represent in
(green) the best response of the agent amongst
the last 50 episodes and in (blue) the mean of
the final volatility slices for the last 50 episodes.

Rewards and Volatilities of the 593th episode

Evelution of episodic reward

31
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Figure 2.18: Implied volatility snapshot in a
”Skewed” configuration with SAC: A Monte-
Carlo on 5 differents random seeds is performed
with automatic entropy adjustement. We rep-
resent in (grcen) the best response of the agent
amongst the last 50 episodes and in (blue) the
mean of the final volatility slices for the last
50 episodes.
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Figure 2.19: Episodic agent’s Rewards and Implied volatility
evolution in a ”Skewed” configuration with DDPG.
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Smile Market (MSE):
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Figure 2.20: Implied volatility snapshot in
a "High Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in (green) the best response of the
agent amongst the last 50 episodes and in (blue)
the mean of the final volatility slices for the
last 50 episodes.

Rewards and Volatilities of the 1000th episode
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Figure 2.21: Implied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds is
performed with automatic entropy adjuste-
ment. We represent in (green) the best
response of the agent amongst the last 50
episodes and in (blue) the mean of the final
volatility slices for the last 50 episodes.
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Figure 2.22: Episodic agent’s Rewards and Implied volatility
evolution in a ”Smile” configuration with DDPG.
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Inverse Smile Market (MSE):
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Figure 2.23: Implied volatility snapshot in an
"Inverse Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in (green) the best response of the
agent amongst the last 50 episodes and in (blue)
the mean of the final volatility slices for the
last 50 episodes.

Rewards and Volatilities of the 999th episode
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Figure 2.24: Implied volatility snapshot in
an ”Inverse Smile” configuration with SAC:
A Monte-Carlo on 5 differents random seeds
is performed with automatic entropy adjuste-
ment. We represent in (green) the best
response of the agent amongst the last 50
episodes and in (blue) the mean of the final
volatility slices for the last 50 episodes.
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Figure 2.25: Episodic agent’s Rewards and Implied volatility
evolution in an ”Inverse Smile” configuration with DDPG.

Static Market, SAC algorithm and MSE reward:

Below, best response of the agent amongst the last 1000 episodes (blue) and the mean of the last

1000 volatilities slices ( red).
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Figure 2.26: (a) High Smile (b) Skew (c) High Skew (d) Inverse Smile

Black Scholes Vega Weighted MSE reward:

Smile Market:
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Figure 2.27: Implied volatility snapshot in a
”Smile” configuration with DDPG: A Monte-
Carlo on 5 differents random seeds is performed
with a power decaying noise. We represent in
(green) the best response of the agent amongst
the last 50 episodes and in (blue) the mean of
the final volatility slices for the last 50 episodes.
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Figure 2.28: Implied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds is
performed with automatic entropy adjuste-
ment. We represent in (green) the best
response of the agent amongst the last 50
episodes and in (blue) the mean of the final
volatility slices for the last 50 episodes.
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Skew Market:
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Figure 2.29: Implied volatility snapshot in a
"Skew” configuration with DDPG: A Monte-
Carlo on 5 differents random seeds is performed
with a power decaying noise. We represent in
( ) the best response of the agent amongst
the last 50 episodes and in (blue) the mean of
the final volatility slices for the last 50 episodes.
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Figure 2.31: Implied volatility snapshot in an
"Inverse Smile” configuration with DDPG: A
Monte-Carlo on 5 differents random seeds is
performed with a power decaying noise. We
represent in ( ) the best response of the
agent amongst the last 50 episodes and in (blue)
the mean of the final volatility slices for the
last 50 episodes.
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Figure 2.30: Implied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds is
performed with automatic entropy adjuste-
ment. We represent in ( ) the best
response of the agent amongst the last 50
episodes and in (blue) the mean of the final
volatility slices for the last 50 episodes.
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Figure 2.32: Implied volatility snapshot in
a "High Smile” configuration with SAC: A
Monte-Carlo on 5 differents random seeds is
performed with automatic entropy adjuste-
ment. We represent in ( ) the best
response of the agent amongst the last 50
episodes and in (blue) the mean of the final
volatility slices for the last 50 episodes.

Practitioner’s corner: SAC typically converges faster and more consistently across different
environments. Moreover the introduction of entropy helps mitigate over fitting during training.
While robust, its require handling both a stochastic policy and an entropy regularization term.
In our settings where fine continuous control over actions is important, DDPG version might
be a better choice since it may be more straightforward to integrate and tune for a quasi
dynamic environment (which might be more sensitive to precise adjustments). It also has less
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computational overhead and resource usage.

2.5.3 Quasi-dynamic scenario

In this section we present the training, validation and testing phases of RL agents using DDPG
algorithm. The agents are trained on data generated for two stocks (one with a wide spread and
the other with a tight spread) across several episodes, each consisting of 50 steps. While the
convergence rate of DDPG can be slow due to its sensibility to hyperparameters, Fine-tuning is
often crucial for successful training.

Training Phase: The agents are trained to maximize the average reward during evaluation
episodes within a game. In those evaluation episodes, all sources of randomness in the DRL
algorithms are turned off and no updates to the neural networks are made. We construct a
hypercube of hyper-parameters (e.g: learning rates, volatility noise, replay buffer size, batch size,
etc). For each tuple or hyper-parameter combination, we track the evolution of average rewards
(25% quantile excluded) during the evaluation process. This method enables us to identify the
optimal set of hyper-parameters, and we define the stopping criterion for training as the highest
average reward obtained for the optimal configuration. (see 77).

odi1 TR R ----- R D D D - ... D D D I ----- D D T B -----

Seed 2 ... .

Seed - s 1 I & !

Figure 2.33: Training and Consistency over random seeds.
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Figure 2.36: Definition of the stopping crite- Figure 2.37: Comparaison of mean episodic

rion. rewards accross multiple random seeds for
agents trained with default versus optimized
hyper-parameters.

As illustrated in Figurd2.37, we compute the average evaluation rewards across multiple
random seeds to identify the optimal set of hyper-parameters and establish the stopping criterion.
The curves shown in Figure 77 represent the mean results across seeds, ensuring a robust, stable
and consistent process throughout the validation phase.

Once the optimal hyper-parameters are determined, we can compare the mean testing episodic
rewards(averaged across a different set of random seeds) for agents trained with default versus
optimized hyper-parameters. Figure demonstrates the substantial improvement achieved
when fine-tuning hyper-parameters compared to the default setup.

Validation Phase: upon completion of training, we evaluate the performance of distinct RL
agents using different random seeds within a validation episode. We compute the mean reward
for each agent, as shown in the figures below and . This validation phase allows us to
identify agents that successfully reach or surpass the pre-determined reward threshold.
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Mean over seeds of reward during Validation/evaluation episode. Mean over seeds of reward during Validation/evaluation episode.
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spread stock with DDPG. spread stock with DDPG.

Evolution of mean episodic

Testing Phase: In the final testing phase, we select the agent with the best validation perfor-
mance and assess its behavior in a test episode of 50 steps for different random seed. Figures
and display the evolution of agent’s rewards and implied volatility(of one selected step)
during the testing phase for stocks with wide and tight spreads respectively.
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0007 0325 1w —— benchmark fit
03751 % — benchmark _fit 0.000 - ol sy
% — wvol 19 — o
" o ma WAORGTRARMIAST | 0300 fe . M
0
—0.01 0350 & ® Ask M . ;s:
L\ > * Bd -0.002 02751 .
0325 0250
~0.02 L
o -0.004
s S 0300 B I° 0225
i g i g
F 0275 [ o200
0037 -0.006
0250 0175
—0.04 1 -0.008
R = reward bench optimizer 0225 — reward bench optimizer o150
—— reward episode 7 revard episode -
B reward for the represented vol 0200 0010 reward vol step 36
—0.05 —
0 10 20 30 40 50 04 06 08 10 12 14 o 10 0 0 40 50 07 08 09 10 11
steps. Moneyness steps Moneyness

Figure 2.40: Evolution of agent’s episodic Figure 2.41:  Evolution of agent’s episodic
rewards and Implied volatility(of one selected rewards and Implied volatility(of one selected
step) for a wide spread stock during testing step) for a tight spread stock during testing
with DDPG. with DDPG.

As can be seen from figures and [2.41] the performance of the best agent under both tigh
and wide spread is satisfactory. The agent is able to track the market through time keeping
the reward high (close to the optimal level for the number of parametrization coefficients used
in the test). It is also important to highlight that there is also a good margin of improvement
by deepening the hyperparametes search, extending the training period and optimization the
scoring metric in the evaluation episodes.
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2.6 Conclusion and Future works

In this work, we proposed a model-free deep reinforcement learning architecture to solve the
dynamic volatility fitting problem in continuous state and action spaces. We showed that DRL
algorithms are natively tailored for the volatility fitting problem as they possess (a) native
exploration (b) effective catalog of past experiences and (c¢) good predictive power in large
spaces. Using toy problems with increasing complexity, we showed that deep reinforcement
learning algorithms can achieve satisfactory performance.

Traditional methods such as least squares fitting and gradient-based optimisation tech-
niques, often struggle with complex state spaces and non-linearities. In contract RL’s ability to
learn from the interactions with the continuous environment allows it to progressively improve
its performance by exploring and exploiting patterns that emerges from the data. Moreover, our
approach highlights the benefits of rewards shaping and careful environment design, which allow
the RL agent to learn efficiently in complex market conditions.

This work therefore lays the groundwork for a full Al-based dynamic volatility fitting.
Future work can extend the fitting to larger parametrizations and reflects stylistic effects in
volatility surface term-structure.
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Appendix

3.1 Automatic Entropy Adjustment

3.1.1 Complete Proof

T
max E[ZT(S}, at)} s.t. Vt, H(ﬂ't) Z HU
TOyeeey T —0

where Hy is a predefined minimum policy entropy threshold. The expected return
E[Zfzor(st,at) can be decomposed into a sum of rewards at all the time steps. Because

the policy m; at time t has no effect on the policy at the earlier time step, m;_1, we can maximize
the return at different steps backward in time; this is essentially DP.

n;z;x (E[T(SO, ap)] + max (E[] + IElTE;XE[T(Sm ar)] ) )

Vv
1st maximization

vV
second but last maximization
TV
last maximization

where we consider v = 1. So we start the optimization from the last timestep T

maximize E(s, ap)~p, 7 (57, a7)] s.t. H(mp) —Ho >0
First, let us define the following functions:

h(mr) = H(rr) — Ho = E(spar)~p. [~ log mr(ar|sT)] — Ho
i >
f(rr) = {E(ST,aT)NpW [r(sr,ar)], if h(7r) >0

—00, otherwise

And the optimization becomes:

maximize f(mr) s.t. h(mr) >0

40
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3.1.2 Lagrangian Relaxation and Taylor expansion

we use the Lagrangian relaxation to transform the divergence constraint into a penalty, yielding
an expression that is easier to solve.

To solve the maximization optimization with inequality constraint, we can construct a
Lagrangian expression ([33] )with a Lagrange multiplier (also known as dual variable), az:

L(mr,ar) = f(7r) + arh(rr)

Considering the case when we try to minimize L(7r, ar) with respect to ar given a particular
value 7,

e If the constraint is satisfied, h(mr) > 0, at best we can set ar = 0 since we have no control
over the value of f(mr). Thus, L(7r,0) = f(mr).

e If the constraint is invalidated, h(my) < 0, we can achieve L(mr,ar) — —oo by taking
ar — oo. Thus, L(mp, 00) = —oo = f(mr).

In either case, we can recover the following equation,

fmr) = 6{17}121}) L(mr, ar)

At the same time, we want to maximize f(mr),

max f(m7) = min max L(7r, ar)
T ar>0 71
Therefore, to maximize f(7r), the dual problem is listed as below. Note that to make sure
max,.. f(7r) is properly maximized and would not become —oo, the constraint has to be satisfied.

max E[r(sr, ar)] = max f(rz)

= min max L(7r, ar)
ar>0 @

= min max f(7r) + arh(mr)
ar>0 @

= m1>% max Esp ar)ps [7(57, a1)] + 0 (E (s 00)~p, [— log Tr(ar|sr)] — Ho)
(0% 3 T

= min max E, ap)ep, [7(S7, a1) — arlog mr(ar|sr)] — arto
ar>0 @

= min max B, ), [r(s7,ar) + arH(mr) — arHo)
ar= mr

We could compute the optimal 7 and ar iteratively. First given the current ar, get the
best policy 7% that maximizes L(7}, ar). Then plug in 7% and compute . that minimizes
L(7, ar). Assuming we have one neural network for policy and one network for temperature
parameter, the iterative update process is more aligned with how we update network parameters
during training.
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mp = argmax K, o )mp, [7(5T, a1) + arH(7r) — apHo)
T

Oé;’ = arg II11>% ]E(ST,aT)NpW* [O[T/]-[(Tr;) - OéT/)L[O]
ar>

= arg m1>% E(spar)~poe (0T H(T7) — cpHo). (3.1)
arZ

Thus, max E[r(sr, ar)] = E(sp.ar)mp, [1(s7, a1) + apH(mp) — apHol
T
Now let’s go back to the soft () value function:
(s7-1,ar-1) + E[Q(s7,ar) — arlog(ar|st)]

=7
=r(sr_1,ar_1) + E[r(s7, ar)] + arH(7r)
=7

(s7—1,ar—1) + max Elr(sg, ar)] + arH(7}) ; plug in the optimal 77,
T

QT—l(ST—h GT—1)

Qr_1(s7-1,a7-1)

Therefore the expected return is as follows, when we take one step further back to the time
step T'— 1:

Objt. = max <E[T(ST_1, ar—1)] + H}%XE[T’(ST, aT])

Tr—1

= max <Q?71(5T71> ar—1) — a?%(ﬂ?)) s.t. H(mp-1) = Ho =0

TTr—1

— min max (Q:}_l(STA, ar—1) — & H(my) + oap_y (H(mr-1) — ’Ho)) dual problem w/ Lagrangian.

ar_120 71

= min max (Qi}_l(sT_l, ar_1) + ar 1 H(rr_1) — aT_l’HO) — arH(mr)
ar_120 mp_1

Similar to the previous step,

Tp_, = arg HR?E(ST_WTA)W# [Q*T—l(ST—h GT—1) + OéT—lH(WT—ﬂ - CYT—1H0]

Ty = arg min By arnp,. (001 -7 1) — ar-1Fo]. (3.2)

The equation for updating ap_; in has the same format as the equation for updating
ar_1 in above. By repeating this process, we can learn the optimal temperature parameter
in every step by minimizing the same objective function:

J(a) = Eqgyor, [—alog mi(ay | s¢) — aH]

The final algorithm is same as SAC except for learning « explicitly with respect to the
objective J(«) (see Fig. 7):
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3.2 Policy Gradient Theorem

Proof of Theorem [I]

Let d™(s) = limy_,o, P(s; = s|so,mg) is the probability that s, = s when starting from s, and
following policy my for t steps.(d™(s) is the stationary distribution of Markov chain for 7y (on-
policy state distribution under 7). i.e. when the probability of you ending up with one state
becomes unchanged when you travel along the Markov chain’s states for my ) . The objective
function is defined as:

=D d"()V7(s) =D _d"(s) Y _molals)Q"(s,a)

seS seS acA

Policy Gradient Theorem provides a nice reformation of the derivative of the objective
function and simplify the gradient computation Vy.J ()

Vo J(0) = Vg Z d"(s) Z Q" (s,a)my(als)

SES acA

Y d™(s)> Q" (s,a)Vemy(als)

seS acA

We first start with the derivative of the state value function:

VoV (s) =Vo( D mo(als)Q7 (5. ))

acA

= Z (V@ﬂ'g(&lS}Qﬂ—(S, CL) + 7T9(G|S)V9Q7T(S, CL)) by Derivative product rule.

acA

= Z <V97T9((L|3)Q”(8, a) + mp(als)Va Z P(s',r|s,a)(r + V”(s'))) Extend Q7 with future state value.

acA s'r

= Z (Vg’ﬂ'@(dlS) (8 (l -+ 7T9 Z P S 7”|S CL V@ ( )) P(s',r|s,a) or r is not a function of 0
acA

= Z (V@ﬂ'@(alS) (S CL) + 7T6 Z P |S CL)V@VK( )) Since P(s'|s,a)=>_,. P(s',r|s,a)
acA s’

We then have:
VoV (s) = > (Vomolals)Q(s.a) + molals) D P(s'ls, ) VeV ()
acA s/

This equation is recursive. Le’s denote f(s) = > .. 4 Vomg(als)Q™(s,a) and unroll the
recursive representation and extend it infinitely in the the following visitation sequence:

GNWG(-\S)\ y a~mo(ls) oy a~vma([s”)
> S > S ?
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VoV (s —i—Zm (als) ZP "|s,a) VoV (s")

—l—ZZm) a| (8'|s,a) VoV (s)
(s) + Zpﬂ s = )[f()+ ) pals = s")VeV™(5")]

Sll

= ... Repeatedly unrolling the part of VoV ™(.)

=Y > rals =) f(x)

z€S k=0
Where p.(s — s') = > m(als)P(s';|s,a). Let A(s) = > ry pr(s — x)*

VQJ<9) = V@VW(S()) = Z A(S)gb(S) ; Starting from a random state sg
_ A(s)
= (; A(S)) ; m¢( )
= Z dW(S) Z VQ’R'@(CL|S)QTF(S7 CL) d”(s):z[g(izs) is stationary distribution.
J " Vomg(als
:Zd Z?Tg CL| Q ) e(ea(|8|))
seS acA
=E, [QW(S, (I)VQ In 7T9((I|S)] ; Because (Inz)'=1/x

Where E, refers to E;.q4, o, When both state and action distributions follow the policy g
(on policy).
Remark : We Still can prove this theorem in continuous state and action spaces, by using the
integration in lieu of summation.
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3.3 Experiment Details and Hyperparameters
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Below, we provide the different hyper-parameters during our experiments(Dynamic setting in
brackets when different).

3.3.1 DDPG variant Algorithm for Volatility fitting

lists the DDPG parameters used in our experiments.

3.3.2

Table 3.1: DDPG Hyperparameters

Parameter ‘ Value

optimizer Adam

learning rate Actor and Critic 0.0025 (2.5-107°,2.5-107%)
discount (7) 0.99

replay buffer size 10° (2.10°)

number of hidden layers (all networks) 2

number of hidden units per layer 256

number of samples per minibatch (batch size) | 64 (252)

Power decaying noise with std bounded in [0.01,0.15]
nonlinearity ReLU, Tanh

target smoothing coefficient (7) 0.001

gradient steps 1

Neural Network initialisation Xavier initialisation

SAC variant Algorithm for Volatility fitting

lists the SAC parameters used in our experiments.
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Table 3.2: SAC Hyperparameters

Parameter Value

optimizer Adam

learning rate Actor and Critic 2.5-107%,2.5-107*
discount () 0.99

replay buffer size 103

number of hidden layers (all networks) 2

number of hidden units per layer 256

number of samples per minibatch (batch size) | 64

entropy target —dim(A) = —K
automatic entropy tuning True

nonlinearity ReLU, Tanh
target smoothing coefficient (7) 0.001

Neural Network initialisation Xavier initialisation

3.4 Hardware and Computational Ressources

All experiments in this paper were conducted on a machine with the following specifications: An
Intel(R) Xeon(R) W-1270 CPU running at 3.40GHz with 64GB of RAM and 64-bit operating
system in Windows 11. All algorithms were implemented in Python 3.8.8 using PyTorch
2.3.04-cpu.

3.5 Supplementary Results

The below figures display the evolution of some important quantities during the training of the
RL agent in several market type and MSE reward: A Monte-Carlo on 5 differents random seeds
is performed with a power decaying noise for DDPG and automatic entropy adjustment for
SAC. We represent in ( ) the best response of the agent amongst the last 1000 steps and in
(blue) the mean of the final volatility slices for the last 1000 steps.
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